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TITAOI OMIAIQN XTIX TAPAAAHAEX XYNEAPIEX
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Y. AvVOoTOOGLaO0V AVOKEPOLOIWON EPEVVHTIKMV EPYACIOV VIO TO POLO TWV GVOTOPACTATEDYV KOTG THV
EKUGONON OTOTIOTIKWOV EVVOIODV Kol EVVOIWY THS Bewpiag mbavotitwy oe 6)&¢ Ti¢ fobuides T eKmoidsvons

M. Andresen, S. Froelund Philosophical reflections made explicit as a tool for mathematical reasoning

E. Baowdkn, E. Toyvéxng, Adiepedvnon e oyéons avaueoo oty uviun epyacios, to ayyos Kol ty
ETLOOCN KOTA TNV EMITEAETH OPLOUNTIKDV UVHUOVIKDOV EPYWV

M. Bako, L. Aszalos Play and learn with GCompris

Th. Barrier Quantification et variation en mathématiques:Perspectives didactiques issue de la lecture
d'un texte de Bolzano

S. Bastiirk Concours d’entrée a ['université en Turquie et ses effets négatifs sur les apprentissages des
éleves de seconde

V. Battie Le théoréeme fondamental de I’arithmétique.: Une approche historique et didactique
C. Bonotto About the role of real-world knowledge and experiences in mathematical modelling
L. Bowie Definitions in geometry in a South African textbook

M. S. Britt, K. C. Irwin A4 pathway for algebraic thinking

C. Voica, F. M. Singer From real life to probability laws: Integrating problem solving in teaching
statistics and probabilities

B. Tlsopyiadov-Kapmovpion, L Avrtoviov Malytés pe younln emidoon ko 1 wpalny T00
rwollomAootaouod

N. I'swpyiov, A, Kovetavtiviong, M. Muktiddov: H ypijon twv eXontikdy uéowv oty oldackorio twv
noOnuatikaov péoo, amo tg anoyels Exmoidevticav Anuotikns Exnoidevons

S. Gotz Fundamental Ideas and Basic Beliefs in Stochastics
E. Castagnola, R. Tortora Can any definition of a triangle be considered the best one?

D. Chassapis The influence of a cultural tool on approaching a problem from the history: solving a
geometry problem on graph paper

A. Cusi, N. A. Malara Future teachers facing proof problems: Games of interpretation, anticipating
thought and coordination between verbal and algebraic register

K. AohokoVpa H pobnuatiki ekraidcoon twv yovorkay kota o 19° aidva

I'. Angpéxog, E. Nikohovddkng H didaockalio s yewuetpiog oty Aevtepofabuia Exmaidevon ue ypnon
¢ Oewpiog TV emmEIWV Yewuetpikis okeyns tov van Hiele kou t fonbeio twv T.ILE. ota nloiowo g




OVVEPYOTIKNG HaOnong: wio Epevva oe podntés e A Avkeioo

E. Anuntprddov, K. Tlavakng Ernavapopd twv diavoouarwy 6o youvaoto. Ol00KTIKES TPOTOOEIS KOl
oyohia

J-J. Dahan Les parameétres didactiques cruciaux pour comprendre l’intégration de [’expérimental dans la
pratique et [’enseignement de la géométrie: Exemplification grace a Cabri 2 Plus et Cabri 3d

J. M. Delire Les découvertes Keralaises sur les séries trigonométriques et leurs justifications dans le
tantrasangraha (1500 d.n.e.) et ses commentaires

W. Dérfler Learning mathematics: a naturalistic view
J. Zhouf Problem posing through correspondence seminars

I'. Oopdiong (Workshop) Zuyuiotora o eikoves omo ) didoxuixy allomoinon s 1010piog TV
noOnuatikawv aro, véa Pifilio tov youvaoiov

D. Iannece, P. Romano What does it mean for a teacher to have a “scientific approach’? A reflection
U. Th. Jankvist Evaluating a teaching module on the early history of error correcting codes
L. Kavéhhog Evpruato amo to dioyvwaotiko dayaviouo. ths A’ Avkeiov g ayolixns ypoviag 2006-07
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Towards thinking and sense-making classroom practices: the case of Japanese
mathematics lessons

Abraham Arcavi
Department of Science Teaching, Weizmann Institute of Science, Rehovot, Israel
abraham.arcavi@weizmann.ac.il

Japanese mathematics education has been the focus of much attention and interest, especially during the
last decade. This presentation is aimed as a further contribution to the understanding of Japanese
mathematics teaching by the worldwide mathematics education community. [ will describe (through the
eyes of an external observer) the most salient mathematical and pedagogical characteristics of the many
lessons I have observed, with an emphasis on mathematical thinking and sense-making. I will discuss the
generalizability of the principles underlying this tradition and some of the dilemmas thereof.
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YYETIKA pe TNV avATTUEN GYOMKOV TPUKTIKAV TPOTOV GKEYNS KUl VONLATOOOTONG: 1] TEPITTOON
NG 0 aoKuAlaS TOV padnpatikov ety latovia

Abraham Arcavi
Department of Science Teaching, Weizmann Institute of Science, Rehovot, Israel
abraham.arcavi@weizmann.ac.il

H Mafnpoatiky Exnaidevon oty lommvia, £xel TpoceAkhoel TV TPocoyr| Kol TO EVOLOQEPOV, 10104TEPA
v tedevtoia dexaetio. H opdo otoyxevel 610 va cupfdlel mepoutépm dote 1 S1EBVIG EKTAUOELTIK
KOWOTNTA VO KATOVONGEL TN O00oKUAll TV UadnuaTik®v Ono¢ avtn yivetoaw oty lamwvia. Me v
poatid evog e€mteptkov mopotnpnth, 0o mEPYpAY® TO TPoLYovTe HOOMUATIKG Kol Todoy®yiKd,
YOPOUKTNPLOTIKG TOV TOAADV HoONUAT®OV oL TopakoAoVONGa, Le EUQOOT OTOV TPOTO OKEWNG Kol TNV
vonuotoddtnon. Oa eEeTdom TNV YEVIKELSIUOTNTO TOV apY®V IOV €lval oty Aot avTng T Tapdooong
KOl KGO0 OYETIKG STAT LULOLTAL.

Digital technologies and mathematics education: an instrumental approach

Michéle Artigue
IREM Université Paris VII, France,
President of ICMI
artigue(@math.jussieu.fr

For more than three decades mathematics education has tried to benefit from the use of digital
technologies. After briefly evoking my personal trajectory as a university teacher and didactician in that
area, I will focus on what is today known as the instrumental approach to the integration of digital
technologies to which development I have contributed since 1995. First, I will present the beginning of
this approach in the context of CAS, elucidating the needs, which I tried to respond to, and showing how it
changed my personal view on technological issues. Then I will focus on more recent developments of this
approach, due to its increasing use with other technologies such as dynamic geometry software,
spreadsheets and on-line tutorial resources, and also due to a move in research interests from the student to
the teacher.
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Ynowkn texvoroyio kKo padnpotiky ekmaidogvon: pua epyareloKt) TpocEyyion

Michéle Artigue
IREM Université Paris VII, France,
President of ICMI
artigue@math.jussieu.fr

INo weprocdTepo amd Tpelg dekaetieg 1 pobnuoTiky ekmaidgvon npoomtddnoe va enweeinbel amd Tig
ynoeokéc texyvoloyiec. Metd omd o GUVIOUN OVOOPOU] OTNV  TPOCMOMIKY LoV Topeio. ¢
TOVETIGTNUIOKOG SAGKOAOG Kot S10UKTIKOAOYOS 6° avTOV ToV Topén, o emkevipmbd 6° avtd TOL GNUEP
€lval YVOOTO G EPYOAELOKN TPOGEYYION NG EVTOENG TOV YNPLOKAV TEXVOAOYIDV, GTNV avamTuén g
omoiog cupPdAlo an’ to 1995. Apyikd B mTapovsIIc® TNV APETNPI0 AVTNG TNG TPOGEYYIOTG OTO TANIGLO
tov CAS, dtevkpvilovtag Tig avaykeg oTig onoiec Tpoonddnoa va dMow amdvTnor Katl deiyvoviag moco
GAA0EE TNV OTTIKY LoV TTAV® ota TeXvoroyikd {ntiuata. Ev cuveyeia, Oo enikevipmbd oe mo tpdopateg
e€eM&elc avTthg TG TPOcEYyIong, ot omoieg TNydlovv amd TNV av&avopevn Xpnor NG 6€ GLVOLUGUO LE
GAAeg TEYVOLOYiEG, OMMG AOYICUIKO OUVOLIKNG YEMUETPIOC, QUAAN €PYOCiog Kol OLUOIKTUOKEG TNYEG
ddaoKaAiog, aALG EMTAEOV Kol O [0 LETATOTIGT TOL EPEVVNTIKOD EVIAPEPOVTOG OO TO Lo T TPOg
70 3GOKAAO.

Revisiting Felix Klein’s Elementary mathematics from an advanced standpoint

Bill Barton
Department of Mathematics, University of Auckland, New Zealand,
Vice-President of ICMI
barton@math.auckland.ac.nz

A century ago, in 1908, Felix Klein's lectures on mathematics for secondary teachers were first published
(in German). This comprehensive view of the field challenged both teachers and mathematicians to
consider, from a perspective sensitive to both mathematical rigor and pedagogical practice, the
relationship between mathematics as a school subject, and mathematics as a scientific discipline.

The intervening 100 years have witnessed many changes in mathematics; the crises in Foundations, the
advent of computing, emergence of new fields, and resolutions of some major mathematical challenges.
These have provoked major changes and challenges for school mathematics.

While Klein's writing remains a valuable source insight, it seems timely to revisit this terrain by linking
the topics and approaches of senior secondary or undergraduate mathematics with the field of
mathematics. This is an important challenge for both mathematicians and mathematics educators.

This presentation will describe a writing project, possibly a joint project between IMU and ICMI, to revisit
this work in a contemporary context.
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EnaveEetalovrag To Bifirio Tov Felix Klein Ta oroiysicdon pabnuativa ano pia zpoywpnuévy Lxomnia,

Bill Barton
Department of Mathematics, University of Auckland, New Zealand,
Vice-President of ICMI
barton@math.auckland.ac.nz

"Evav aidva pwv, to 1908, dnpociedvkay (ota ['eppovikd) yo mpdt gopd ot dtaré€elg tov Felix Klein
TV 6To LOONUATIKA Yoo KaOnynTéc devtepoPabog ekmaidevong. Avtn 1 mEPEKTIKN Oedpnon tov
OVTIKEWEVOD AMETEAEGE LU0 TPOKATON, TOGO Y10 TOVG SAGKAAOLE OGO KOl Yo TOVG PO UATIKOVS, GTO V.
OVOAOYIGTOUV TN GYECT] OVALESO GTO LOONUATIKA ooV GYOAIKO PAOnUo Kot oTo Hofnpatikd ooy KAGSog



EMOTNUOVIKNG YVAOONC, VIO [0l OTTIKY gvaicOntn 1600 ot HobnuoTiky avetnpdtto, 060 Kol oIV
OO0y DYIKT] TPOKTIKY.

210 100 ypovia mov pecoAdfnoay yivape PAPTUPES TOADY OAAAYOV oTO PHoONUATIKA, OTT®OG TG Kpiong
TV OgueAimv, TNG YPNONG VTOAOYIGTMV, TNG AVAOLONC VEWV TOUEWDV KOl TOV ADGEMV OPIGHEVOV OO T,
mo Kaipla padnuatikd tpofinuate. Olo avTd 00 YNCAY GE GNUAVTIKEG OAANYEC KOl TPOKANGELS Y10l TO,
GYOAIKA OO LOTUKG.

Evd ta ypantd tov Klein mapapévouy pio ToAdTiun anyn d1e1edutikng Bedpnong,, eaivetat 0Tt givor o
KO1POG VO, EMICKEPTOVUE QTN TNV TEPLOYN, GLVOLOVTOC TO BEUATO KOl TIC TPOCEYYIGELS TOV AVAOTEPOV
ponuotikev  devutepofdbutag exmaidevong 1 TOV TPOTTVYOKAOV UaOnuoTikK@V e T0 7edio TmV
pofnuotikedv kobeantd. Avth givol pio. GNUOVTIKN TPOKANON TOGO Yo TOLG HabnuaTikovg 660 Kot YU
OVTOVC OV SOOKTIKOVS TV LOONLATIKOV.

Avt 1 Tapovciacn Oa meprypdwet Eva Tpdypappe (project), evoeyouévac Eva Koo Tpoypapuo uetaln
g AeBvoig Evoone Madnuatikov (IMU) kot tng AteBvovg Emtpomng yio tnv pabnpotikr Exraidevon
(ICMI), pe oxomd tov ek véou Bemprnon Tov £pyov Tov Klein o€ éva oOyypovo TAaicto.

Diversity of geometrical paradigms and trouble in the teaching and learning of geometry

Alain Kuzniak
Equipe Didirem Université Paris 7, [IUFM d’Orléans-Tours France
kuzniak@tele2.fr>

One of the principal aims of the teaching of geometry is certainly that students achieve to build their own
proper and effective geometrical working space. Then they can understand and solve geometry problems
by using this working space. But, the problem’s interpretation depends on different geometrical paradigms
related to various institutions — schools and also countries — where geometry is taught. From the diversity
of paradigms it results a great diversity of working spaces: that explains a big number of didactic
misunderstandings and learning difficulties. During the lecture, we will clarify the notions of geometrical
paradigm and geometrical working space and show the possible interest of using and developing these
tools for studies in geometry didactics.
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Houhio YEOUETPIKAOV TAPAOELYUATOV KOl TPOPANRATA 6T O1d0oKaAla Ko pddnon g
veopeTpiog

Alain Kuzniak
Equipe Didirem Université Paris 7, IUFM d’Orléans-Tours France
kuzniak@tele2.fr>

"Evag an’ Toug kuprovg 6Komovg g ddackaAing Tne yeopetpiog elvar ciyovpa ot pabntég va Katapépovy
V0. OIKOOOLNGOVV TO JIKO TOVG OMOTEAEGUOTIKO YEWUETPIKO YWpo Epyooias. Apydtepa Ba pmopécovy va
KOTOVOTIGOVV KOl VO EMADGOVV YEOUETPIKE TPOPANUATO YPNCILOTOIDVTAG 0TO TO [01kd TOVG] YDPO
gpyaoiag. Qotoc0, 1 epunveio Tov TpoPAnuatog e£0pTATOL OO SUPOPETIKA YEDOUETPIKA TOPAdETYLLOTAL
OV APOPOVV Ge d1dPoPovS BEGOVG — oyoAEln, KOOBMG KUl YDPEG- OTOL JOACKETAL 1) YEOUETPiA. ATO TNV
OO, TOV TUPUSELYUATOV TPOKVTTEL Mo TANODPO [YEOUETPIKOV] YOpmv epyaciag: avtd e&nyel kot
€va oMUOVTIKO 0plBpd S100KTIKOV Topovoncemy kol padnolokdv dvokolmv. Katd t didpkeia g
glonynong o aTocaENVIGOVUE TIG £VVOLEG TOV YEMUETPIKOV TOPAOEIYLLOTOG KOl TOV YEMUETPLKOD YDPOL
gpyooiag kol o dgi&ovue 10 TOUVO evOlPEPOV TTOL €Yl M YPNON Kol 1 avimtuén Tétolmy epyolreinv
OV GT1 LEAETN TNG OIOOKTIKNG TNG YEMUETPIAG.



The world of geometry in the classroom: Virtual or real?

Man-Keung Siu
Department of Mathematics, University of Hong Kong, Hong Kong SAR, China
mathsiu@hkucc.hku.hk

Despite the occurrence of the word “virtual” in the title, this is not a lecture on DGE (dynamic geometry
environment), albeit I may have occasion to touch on that at some point. This lecture discusses the
significance and the meaning of studying geometry in school, the content and evolution of the subject, in
particular, attempts to design in the classroom a “world of geometry” that bridges the virtual (abstract)
world and the real (concrete) world. It is expected that in this way, students will feel more at home instead
of being alienated from the subject.
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O xdéopog TG YeopeTpiog o1 oyork TaEN: Ewkovikdég 1 mpaypotikic;

Man-Keung Siu
Department of Mathematics, University of Hong Kong, Hong Kong SAR, China
mathsiu@hkucc.hku.hk

[Mopd v vmapén g AEENG «EKOVIKOG) GTOV TITAO, ot OV gival o opuAia wdve oto DGE (dynamic
geometry environment), dniadn oto Ilepifariiov Avvapukng IN'eopetpiag, poiovott icwg £y TANGLAGEL
o€ Kkamolo Pabpod wpog avt v katevbvven. H mapodoo opthio mpoypatedeTal Tn 6mondaidTnTe Kot T0
vonuo TG MHEAETNG TG YewueTpiag oTo oyoieio, koBmG Kol TO meEPLEYOUEVO Kot TNV €EEMEN TOv
UOOAUOTOC, KOL TTO GUYKEKPIUEVO TIG OTOTEPES TTOL Yivoviar oty Taén ®ote va dlapopemdel évag
«KOGUOG YEMUETPIOGH» TOV VO YEQUPOVEL TOV EIKOVIKO (0pnpMUEVO) KOGHO HE TOV TPOAYUATIKO (amttd)
Koopo. Kat’ autdv 1ov 1pdno eveAmicTovue o1 LobnTég va VIDGoUY TEPIGGOTEPO GV GTO GTITL TOVG, AP
OTOEEVOUEVOL OTO TO YVMOOTIKO OVTIKEIEVO.



I[TEPIAHYEIX OMIAIQN XTIX ITAPAAAHAEXZ XYNEAPIEX

Osparinéc Acovag 4

AVOKEQUAUIMOT EPEVVITIKAV EPYUGLAV LU TO POLO TOV UVUTUPUOTAGCEMY KATA TV EKPGONon
OTUTIOTIKAV EVVOLAV KUl EVVOLOV T1|G Bswpiag mBavotTOV o€ 0Aeg Tic fabBpides Tng ekmaidgvong

Yo¢ia AvooTaoLdo0ov
Howdayoyud Tuqpo Nnmoyoydv, Hovemotiuwo Avtikig Makedoviog
sofan@uom.gr

Amapaitnteg TpoimobEcelg yio TNV OTOTEAEGUOTIKY KATAVONOT HOG OTOTIOTIKNG EVVOl0G 1 LG EVVOLag
g Bewpiog TOUVOTATOV OTOTEAODV 1] TKAVOTNTO Yot OVOYVAPLoN TNG £VVOLUG OF Uit TOIKIALD TO10TIKA
SLOPOPETIKOV TTESIMV aVOTOPACTACNG KOl 1) IKOVOTNTO HETAPPUCNS TG évvolng omd 1o éva medio 610
dAro. Emumiéov n wavodmTo PETAPPOONC a0 TO £VO TESI0 OVATOPACTUCNG UING £VVOLUG GTO GAAO
TUYYGVEL HEYIOTNG ONUACIOG TOGO GTN LAONGCT OTOTICTIKGOV £VVOLOV OGO KOl GTNV EMIALGT] GTUTIGTIKOD
TPOoPANHOTOC Kot TPOoPANUATOC TOAVOTNTOC. ZOUQMVO, LE EPEVVEG, LOONTEG KO QOITNTEG avTIUETOTILOVY
APKETEG OVGKOAIEG G VTN TN dLdIKOGI0 LETAPPACTC, TOV ENNPEALOVY TOGO T UAONeN TNG GTATIGTIKNG
0G0 KOl TNV €TO00N TOV POLTNTAOV 0TIV ETIAVGT TPOPANLOTOC.

2TO)0 TNG GUYKEKPLUEVNG EPEVVOG OMOTEAEL 1| OVOKEQPOAOIMON OMOTEAECUATOV EPEVVNTIKAV EPYACLOV
avaQEOPIKA UE TNV &vvoll Kol TO POAO T®V ovomapootdoemy. To gupfuUaTe TOV €PYUCIOV OLTOV,
g€etalovv, diepguvolv, avaibovv kol cvulntodv v wavotta podntodv Anpotikod Zyoieiov Avkeiov
Kol QouNTaV va yelpilovial e evyEpela CNUEIMTIKEG AVOTAUPOCTACELS KOl VO TEPVOLV OO TO £va Tedio
AVATOPACTOONC OTO GAAO GE JOKILO OTATICTIK®MY EVVOLMV Kol gvvolmv g Bewplag mbavotitov. Ta
delypata Tov gpeuvmv Tpoépyovol and uabntég g mpotofdduiag, devtepofdduiag kot tprtoPfaduag
eknaidevong otnv EAAGSa.

[Mopd v mowIMO TV €PYACIOV OVTMOV CYETIKOV UE OTUTIOTIKEG £Vvoleg Kot €vvoleg Tng Bewpiog
TOOVOTHTOV TTOL €EETAGTNKAY KO TOV EPEVVNTIKAOV HEBOdV OV Ypnoipomomdnkay, damictmbnke 0Tt
N GUVIPWTTIKY] TAEWOYNEIO TOV UoONTOV Ogv €YEL TN YVOOTIKY KAVOTNTO ULETAPPOCTS OVAUESOH CF
SLOQOPETIKA TESIOL AVOTOPACTACEDY YEYOVOS TOL OMOTEAEL TO KVPLO YVAPICUA TOL (POIVOUEVOL NG
GTEYUVOTOINGNC.
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Philosophical reflections made explicit as a tool for mathematical reasoning

Mette Andresen & Sune Froelund
Danish School of Education, Aarhus University.
Tuborgvej 164, DK-2400 Copenhagen NV, Denmark
mea@dpu.dk, sufr@dpu.dk

A new construct, ‘multidiciplinarity’, is prescribed in the curricula of Danish Upper Secondary Schools by
governmental regulations since 2006. Multidisciplinarity offers a good chance to introduce philosophical
tools or methods in mathematics with the aim to improve the students’ learning of both subjects, and to
study the students’ reactions and signs of progressive mathematizing. Based on realistic mathematics
education (RME), which is rooted in Hans Freudenthal’s idea of mathematics as a human activity, we
decided to centre our work on the concept of reflection and to build a model for making students’
reflections in the mathematics class explicit to themselves. In our paper, we present a combination of two
stratifications of reflections, which were developed recently in works by other authors. The paper outlines
our model and exemplifies its use on the teaching of mathematical models and modelling. The model is
preliminary in the sense that it is meant to be tailored by the teacher to fit with the actual mathematical
subject in case.



|@8ﬂaﬂkég Aéovag 1|

Agpedviion ™G 6Y£0NG OVANEGT GTI| UVIUN EPYAGING, TO AYY0S KUl TNV EMi006T KOTA TNV emMTéAEST
0PN TIKAV UV HOVIK®V £PpY®V

EArévn Baowhaxn Eppovooni INeyvaxng
Howayoyuo Tuqpa AE., Tlavemotio Kprng, PE6vuvo latpucn Zyoln, Movemotuo Kpnng
vasilaki@edc.uoc.gr giahnaki@med.uoc.gr

Elvar amodektd OTL ta LYNAG emimedo Ayyovg £YOVV EMATMOGELS GTNV EMIOOGN TOV GTOMOV KOTG TNV
SLIPKELN EMTEAEONC YVOGTIK®Y £PYOV, KUPIOE TOV SUGKOA®Y TOV OTALTOVV TN ¥p1on TOpmv g Mviung
Epyociag. Zoppova pe apketodc epeuvntég To ayymdOon ATOMO 0GYOAOVVTOL LE OXETIKEG KOl GOYETES TTPOG
TO emMTEAOVUEVO €pY0 OKEWYELS, Ol omoieg mapepuPaivovv otn Asttovpyio g Kevipikng Exteleotikng
Movadag (KEM) g Mviung Epyaciag (ME) katd v eneepyacio Tov TANpoQoOpL®dV, HEWOVOVTOS £TOL
70 S10B€01U0 YVOOTIKO SUVOUIKO Yol ETEEEPYACIO KOl EMTEAEDT) TOV GLUYKEKPIUEVAOV EPYQOV.

Me Bdon avtd 10 Bepntikd LVTOPUOPO OSlEPELVNCUUE TN GYECT AYYOVLS, YVOOTIKNG TOPEUPOANC Ko
Aertovpyiag e Mvnung Epyaciog katd ) didpkela emtédeonc evog aptfuntikod pvnuovikov épyov. Ta
TO OKOTO 0OVTO YPNOCWOTOMGAUE: o) TV Ymoxdiuoxo Mviuns opiBuwv tov EAMnvikod WISC-III
(Weschler’ Intelligence Scale for Children — 3™ Edition. Ztnv vrokhipaka Mviun ApiQucdv omoutsitar amd
TO GTOMO Vo EMAVOAGPEL TPOPOPIKE GEPES aplOuNTIKAOV Yynoeimv, Tig omoieg dwafalovue pe pvoud evog
Ynoeiov ové OeVTEPOAENTO KOl Ol OToieg Yyivovior oAoéva Kot peyodvtepec. Ta gukolotepa Oépata
Tapovctdfovtol oty apyn Kot 1 Suvokoiio av&avetol pe v andvinon og ke 0<pa, B) Tn Kiinaxa yio
10 Ayyog Loyw Kataordoewv xar to Aowixo Ayyog, n onoio amotereitarl and 40 epotioeis. ATd avTtég TG
epmTNoelc eEdyovTol 2 oKop: o) EVOL GKOP Y10, TO dyyos A0yw katootdoewy (GOpotoua epmtcemy 1-20), B)
€va oKop Yo T0 douixo ayyos (aBpoicua epotnoenv 21-40). H khipako avt) ovagépetal 6To Gyyog mov
mpokaAeiTal amd mEPPAALOVTIKEG GUVONKEG KAl TO Ayyog AdY®m mpodidbeonc. v) Tn Kliuoxo I'vowotixng
Hopeufolng, évo, epotnuatordyo 22 epmtioemv. Amd avtég T epmtnoelg eEdyovtol 3 okop: o) éva
OKOP Y10 GKEYELG TTOL £YOVV GYECT LE TO emteEAoVUEVO €pyo (ABpoicua epatioeny 1 - 10), B) éva oxop
Y0 OKEYELG AOYETEG TTPOG TO EMLTEAOVUEVO £pYO (ABpotopa epotioewy 11-21), v) kou pua yevikn pérpnon
Yo TV «meplpopd tov vovy (mind wondering) mwov Paociletor oty terevtaia epdtnom. To
EPMTNUATOAIYIO OVTO OVOPEPETAL GTO EI00G TOV CKEYEDV TOV TEPVOLV OO TO VOL T®V avOpOTOV T.Y.
OTOV EMTELOVV KATO0 YVMOGTIKO £PYO.

E&etdooape atopkd 204 moudid niikiog 10 — 12 etmv. Ot avaldGELS LOGC ELEAVIGOY JOPOPES UVALESO OTIG
E" ko XT" 1d&eig g mpog Tig mapamdve petapintéc. H avaivon maiwvdpounong £dei&e 0tL Tor dtdpopa
€101 oKkéyYng GLUBAAAOVY GTI GYNUATOTOINGT TOL AYXOVG AOY® KOTOGTAGE®DY KOl TOL dopkov dyyovs. Ta
gupnuaTo epunvevovtol pe Paon v eAAnvikn kot d1ebvn Biproypagic. Yrobétovpe 6Tl WG AmTOTELEG LN
NG AELTOVPYIaG TOV AyXovg, vadpyel TOAVOS unyavicudc vrevbuvog yia ) duciettovpyia g Kevrpikng
Extedeotikng Movdadag g Mviung Epyaciog. Ev kataxieidl, Bewpovpe 0Tl 01 atopukég dlopopic ota
eminedo  dyyovg ypnlovv UeEYOADTEPNG EUMEPIKNG dlepedivnong, wWiaitepa otv  a&lohdynon g
Aettovpywotntag g Mvhung Epyociog.
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Play and learn with GCompris

Maria Bako, Laszlo Aszalos
University of Debrecen, College Faculty of Education, Hungary
bakom@hwpf.hu

The Commodores, ZX-Spectrums, TRS-80-s and several other home computers appeared in the eighties. It
was possible for almost each student to use a computer at home. These machines are advertised as ideal
tools for both education and entertraiment. In the past, the children who had computers usually used them
as diversion. Several home-made educational software was produced, but the quality was low, and only a
few people knew about this kind of programs. Nowadays, the children of eighties have grown up, and their
children are every-day computer users. They would only like to play with computer programs, but parents
tend to teach them. In this paper we show elements of freeware computer game GCompris, which can help
to improve several abilities at the ages of 2—10. We focus on logical-mathematical activities. We show
how the ability of counting, recognition of numbers and shapes, logical problem solving, orientation,
mirroring, etc. can be improved.
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Quantification et variation en mathématiques:
Perspectives didactiques issue de la lecture d'un texte de Bolzano

Thomas Barrier
Leps'-Lirdhist, Université De Lyon, France
Thomas.Barrier@Univ-Lyonl.Fr

L’apprentissage de la manipulation conforme des quantificateurs est une difficulté importante du début de
I’enseignement supérieur. Nous montrerons, a travers 1’étude d’une preuve de Bernard Bolzano (1817a)
que cette difficulté a une certaine consistance épistémologique. Pour des raisons d'ordre philosophique,
Bolzano est particulierement concerné par la rigueur de son travail mathématique. Pourtant la preuve que
nous étudions contient ce que l'on interpréte aujourd’hui comme une erreur. Selon nous, celle-ci est
révélatrice d'une véritable difficulté épistémologique concernant les notions de quantification et de
variation. Alors que d’un point de vue moderne en mathématiques la notion de variation d’une variable est
une notion métaphorique — une variable n’est pas a proprement parler quelque chose qui varie mais plutot
un symbole auquel on peut substituer des objets d’un domaine particulier a travers les régles de la
quantification dites d’instantiation universelle ou existentielle — du point de vue de Bolzano, une limite est
quelque chose qui est susceptible de varier ou non. Nous utiliserons ensuite un extrait de dialogue entre
éléves de premicre année d’école d’ingénieur pour montrer que cette confusion entre variation et
quantification est également présente dans les classes. Notre hypothése est que ces pratiques permettent
aux ¢étudiants de combler I’absence d’un enseignement explicite de la quantification.

"Laboratoire d’Etude du Phénoméne Scientifique
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Concours d’entrée a I'université en Turquie et ses effets négatifs sur les apprentissages des éléves de
seconde
Savas Bastiirk
Université Marmara, Istanbul, Turquie
Savasbasturk@Yahoo.Fr

En Turquie, la sélection d’entrée a I’université occupe une place trés importante. De plus, ce concours est
trés sélectif, il comprend des questions a choix multiples et demande des préparations consistantes pour
s’entrainer intensivement a des questions types comme celles du concours. Le but de ce travail est
d’étudier le concours national d’entrée a I’université en Turquie a partir de quelques notions principales en
didactique des mathématiques par exemple dialectique outil/objet, changement des cadres et de montrer
les effets négatifs de 1’enseignement destinés a préparer les éléves a ce concours sur les apprentissages des
¢éleves. Pour ce faire, nous avons analysé les thémes du concours de I’année 1970 jusqu’a présent et passé
un questionnaire-éléve sur fonctions au niveau de seconde. En ce qui concerne les résultats les plus
importants de la recherche, les questions du concours contiennent en général des applications directes du
cours et aucune d’entre elles ne demande de mettre en ceuvre le fonctionnement outil des fonctions. De
plus elles sont trés pauvres géométriquement mais trés riches algébriquement. Par ailleurs, la motivation
forte au concours a de mauvaises influences sur les apprentissages des éléves et ainsi elle appauvrit et
donne naissance a des nouvelles erreurs.
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Le théoréme fondamental de ’arithmétique: une approche historique et didactique

Véronique Battie
Leps', Université de Lyon, France
vbattie@univ-lyonl.fr

Dans le cadre de nos recherches sur le raisonnement en arithmétique, nous avons proposé aux éléves d’une
classe de terminale scientifique (18 ans, grade 12) de démontrer a partir de textes historiques 1’existence et
I’unicité d’une décomposition en produit de nombres premiers pour tout entier plus grand que 1 (théoréme



fondamental de I’arithmétique). Les discussions qui eurent lieu au sein de deux groupes d’éléves ont été
enregistrées. Nous avons analysé leurs recherches en termes de dimensions organisatrice et opératoire : la
dimension organisatrice s’identifie au raisonnement global qui organise et structure les différentes étapes
et la dimension opératoire correspond a tout ce qui reléve des manipulations calculatoires (au sens le plus
large) opérées sur les objets en jeu et permettant la mise en oeuvre des différentes étapes de la dimension
organisatrice. Dans cette communication, nous explicitons dans un premier temps ce que représentent ces
deux dimensions dans I’exemple étudié ainsi que leurs interactions. Nous présentons ensuite les résultats
de I’analyse de la recherche des éléves qui nous a permis en particulier de situer leurs difficultés lors de
I’écriture de la démonstration demandée.

'Laboratoire d’Etude du Phénoméne Scientifique
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About the role of real-world knowledge and experiences in mathematical modelling

Cinzia Bonotto
Department of Mathematics Pure and Applied, University of Padova, Italy
bonotto@math.unipd.it

In this paper we will discuss some teaching experiments, which consist of a series of classroom activities
in upper elementary school, using suitable cultural artefacts, interactive teaching methods and new socio-
mathematics norms in order to create a substantially modified teaching/learning environment. Through
these studies we can show how an extensive use of suitable cultural artifacts, with their incorporated
mathematics, can play a fundamental role in bringing students’ out-of-school reasoning and experiences
into play, by creating a new tension between school mathematics and real world with its incorporated
mathematics. The focus is on fostering a mindful approach toward realistic mathematical modelling,
problem solving and also a problem-posing attitude. We feel that it is not only possible but also desirable
even at the primary school level to introduce early on fundamental ideas about modelling. We also argue
for modelling as a means of recognizing the potential of mathematics as a critical tool to interpret and
understand reality, the communities children live in, and society in general. An important aim for
compulsory education should be to teach students to interpret critically the reality they live in and
understand its codes and messages so as not to be excluded or misled.
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Definitions in geometry in a South African textbook

Lynn Bowie
Marang Centre, University of the Witwatersrand, Johannesburg, SouthAfrica
Lynn.Bowie@wits.ac.za

In common with curricula in many other countries, the geometry section of the curriculum in South Africa
plays a dual role. Firstly, it is intended to help students develop spatial reasoning and visualisation skills.
Secondly, it provides the major context in which students encounter mathematical reasoning and proof. In
this paper I will look at how this dual role affects the way geometry, and in particular geometrical
definitions, come to be constituted in a key South African textbook for grade 10 learners. In my analysis
of the textbook I draw on the work of Houdement and Kuzniak on the three paradigms of geometry:
natural geometry, natural axiomatic geometry and formalist axiomatic geometry. I discuss the way the
textbook mixes the natural paradigm and natural axiomatic paradigm and the effect this has on the way the
notion of definition in geometry is developed.
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A pathway for algebraic thinking
Murray S. Britt, Kathryn C. Irwin

The University of Auckland, Auckland, New Zealand
m.britt@auckland.ac.nz, k.irwin@auckland.ac.nz

New Zealand has developed a professional development project designed to support teachers in their



teaching of numeracy. A major focus of this Numeracy Project as it is known has been the development of
a range of sensible strategies for carrying out operations in arithmetic mentally. The attention that the
project has given to operational strategies in arithmetic has led to an increased awareness that such
strategies are underpinned by structures that are algebraic in nature. In this paper, we discuss the results of
three studies that provide growing evidence that working successfully with mental operational strategies
involves an awareness of generality that we argue implies engagement in algebraic thinking. We draw
particular attention to the results of one of these studies in which students from eight schools in two New
Zealand cities were given an algebraic thinking test at the end of each of three years. Results from this
test, when compared with scores on a Numeracy Project diagnostic test to determine progress in applying
operational strategies, revealed that the students who had developed advanced mental strategies for
dealing with additive, multiplicative and proportional operations were the students who were capable of
making full use of the symbols of algebra. The findings from these three studies taken together have led to
a proposal for a ‘pathway for algebraic thinking’ accessible to all.
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From real life to probability laws: Integrating problem solving in teaching statistics and
probabilities

Cristian Voica Florence Mihaela Singer

University of Bucharest, Romania University of Ploiesti, Romania
voica@gta.math.unibuc.ro mikisinger@gmail.com

In this paper, we report a modality to design a series of textbooks in statistics and probability. This series
contains textbooks for high school and an introductory course for undergraduate students. We started our
curriculum research from the following questions: How could teachers be influenced to change the
teaching paradigm from one, which is based on formal definitions and properties to another that is more
real life oriented? What specific tasks could raise the quality of students’ learning of statistic and
probabilities? An equally important issue that we have challenged was to succeed coming back to a formal
meaningful presentation of the content when starting from real life problems. We hypothesize that
confronting students with problems that he/she encounters in everyday life, we generate in students self-
directed and active learning. This should also raise the interest in studying domains of mathematics such
as statistics and probabilities, which are naturally more connected to the real world than other
mathematical domains. Mass-media presents a variety of statistical information. Specific understanding
and procedures are needed to de-code this information in order to use it appropriately. By using statistical
data, more general results can be expressed as probabilistic laws. As an illustration, for defining
conditional probabilities, we started from a survey, which we used further in analyzing probabilistic
properties and solving specific problems.
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MoOntég pe yopnin enidoon ko 1 Tpaén 10V TOAAUTANGLAGILOV

Bappapa I'empyradov-Kapmovpion Lodvvng Avroviov
YIIETI® YIIEII®
bkabouridis@gmail.com iantoniou@sch.gr

H epyooia avt) eotidlel ot dgpehivnomn ToV TPOT®V LE TOVG 0TOIovg 0VO MAONTEG TG TEURTNG TAENS
dnpotikod pe MA ota pobnuoticd ovtiiappdvovior Ty Tpdén Tov TOAAATANGLUGUOD OVAADOVTIOS TIG
OTPOUTNYIKEG KO TEYVIKEG OV YPNCLLOTOINGOV Yo VO BPOVV TO OTOTEAEGLOTO TOAAUTAACIACUOV, KOOGS
KOl TIG OVOTOPAGTAGELS TOLG. Ot 0V0 HOONTEC ¥PNCIUOTOINGAY L0 TOKIAL GTPUTNYIKOV GTOVG VOEPODS
VTOAOYIGLOVE EVD Ol OVOTUPUCTACELS TOVG NTOV PTWYEG GE EVVOIOAOYIKT] KOTAVOTON EOIKA Y10l YIVOUEVOL
HEe 0povg peyaAdTEPOVG TNG dekddag. Davnke 6Tt o1 dvo padnTég dev avéntuéav Tig TeXvikég og Padud mov
VO KATOOTOOV SOUEG KOl TOYLOUEVO EpYOLEiR Yoo TNV eKUdONoT TNG Tpomaidelog Kot TV GUEST €OpPEDN
Tov ywopévav. H vrootmpién pobntov pe MA otov morlomiaciacpd Qo wpémet vo Paciletar otnv
avayvoplorn g €IKNG dvokoiiog mov ot padntég €xovv pe v B v €vvoln 1 pe 1O1OTNTEG TTOL
S1ELKOADVOLV TNV KoTavOnon Kot EEMEN TNC.
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H yp1fon 1oV enonTik@V pécOV 6T1] 01006KAAIL TOV HEONRATIKOV PEGA 0T0 TIG UTOWELS
Exrowdevtik®dv Anpotikig Exraidocvong

Nikog I'ewpyiov, AOvog Kovetavtiviong, Mapravva Miktiddov
Tunpo Emoetuav g Ayoyng, Havemotwo Korpov
marianna@logosnet.cy.net

H moapodoo épeguva e&étace T Ypnon TOV ETORATIKOV HECOV KOTO TN OO0OKOAID TOV HOONUOTIKGOV
EVVOLOV KOl TTolol mapdyovteg mBavov va v ennpedlovv. Zvykekpyléva, £EETAOTNKE KATd TOCO Ta
XPOVIO VANPECIAG KAl TO VA0 TOV EKTALOEVTIKMY EMNPEALOVY TN YPNOT TOV EMOMTIKMOV HECMV, O
EMOTTIKG PLEGT, YPTCILOTOLOVV GUVHOME 01 EKTALSEVTIKOL Y10l TN SIOUCKOAID CUYKEKPIUEVMOV EVVOLDV, Y0l
oo okomd, Tt Ba NBehav va evtaybel oe €va vEo avaAvTIKO TPOYPAUUO KOl S1APOPES GTACELS Yo TN
O10aoKOMO e EMOMTIKA LEGO. ZOUPMOVO LLE TO OTOTEAEGLOTO, 1 XPTOT TOV ETONTIKOV LECMV O€ QOIVETOL
va etvar avaioyn g mAkiag kot tov @OAov. Méco amd v épevva SlooiveTal £viova 1 avaykn
dnuovpyiog €vOg VEOL AVOALTIKOD TPOYPAUUOTOS OTO padnpotikd, to omoio vo otnpiletar otnv
TEYVOAOYIO KOl GE€ AOYICUIKE TPOYPELLLLATA, TO OO0 O1LLOVPYOLV duVaKO TEPPAAiov pabnong.
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Fundamental Ideas and Basic Beliefs in Stochastics

Stefan Gotz
University of Vienna, Faculty of Mathematics
Stefan.Goetz@univie.ac.at

The concept of fundamental ideas has been introduced by Jerome S. Bruner, an American psychologist, in
1960 (“The process of education”). It means that education in a special subject should follow the main
lines, which the related science pretends. First of all, this approach concerns not only the content of
education, but also the attitude, which is characteristic of doing mathematics, for instance. So in this sense
mathematics education should be a non-biased copy of the science of mathematics.

Of course the level in education must be different from that one in science. This means not a restriction,
but a challenge for the didactics of mathematics to identify typical contents and methods in mathematics,
or any other subject, for its education. It is important to mention that certain themes are discussed over and
over again at increasing levels (spiral principle) so that there is a chance to achieve sustainability.

Basic beliefs are a second concept in the didactics of mathematics to achieve sustainability of mathematics
education. They were introduced by Rudolf vom Hofe, a German mathematics educator, in 1995. In
opposition to the fundamental ideas, now the probands, who are doing mathematics respectively are
confronted with it are focused. We have to distinguish between normative and descriptive categories. The
first ones, which characterise the teachers’ input, are — similar to the fundamental ideas — orientated to
logical connections and also include didactical elements; for instance experiences about the knowledge
and other circumstances of a certain age cohort. The second ones describe the individual pupils’ beliefs
concerning cognitive contents, as well as, affective attitudes.

In this talk, on the one hand, I will try to present some ideas about fundamental ideas in stochastics
education; on the other hand, based on my experiences as a student teachers' educator I would like to
enumerate some big points of a lecture course in stochastics at the university level.

Especially there is one aspect I will stress in order to explain how mighty the conception of fundamental
ideas can be: the possibilities to connect stochastic themes with topics, methods, and ideas from other
mathematical fields.
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Can any definition of a triangle be considered the best one?

Ercole Castagnola Roberto Tortora
Nucleo di Ricerca Didattica, Dipartimento di Matematica e Applicazioni,
Universita Federico II, Napoli, Italy Universita Federico II, Napoli, Italy
ecastagnola@fabernet.com rtortora@unina.it

This paper deals with an important item in Mathematics Education: mathematical definitions. In
particular, it focuses on the definition of a triangle, an only seemingly “simple” mathematical object. In
order to do this, we discuss the main following points: 1) the distinction between the formal mathematical
concept of definition and the use of this word in classroom practice; 2) some specific problems concerning
geometry, along with a comparison of many different definitions of a triangle and of different curricular
choices; 3) a possible impact of modern technologies on the definition of triangle. Finally, we emphasize
the necessity for a teacher to employ a balanced mix of intuition and formalism both in compulsory and in
upper school.
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The influence of a cultural tool on approaching a problem from the history:
solving a geometry problem on graph paper

Dimitris Chassapis
Faculty of Education, Aristotle University of Thessaloniki, Thessaloniki, Greece
dchassap@eled.auth.gr

This paper reports research findings on the influence that a graph paper had on children’s performance in
carrying out a geometry task, known in the history of mathematics as duplicating the square, i.e. the
drawing of a square whose area is twice that of a given one. Three different formats of graph paper were
available to the children testing the hypothesis that differing rulings on the graph paper may structure in
different ways the practical activity and consequently influence their problem solving approaches. A
qualitative analysis of children’s responses to the task identifies differing strategies employed, which may
be considered as directly depended on the different visual background provided by the paper used.
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Future teachers facing proof problems: Games of interpretation, anticipating thought and
coordination between verbal and algebraic register'

Annalisa Cusi , Nicolina A. Malara
Dipartimento di Matematica, Universita di Modena & Reggio E., Modena, Italy
annalisa.cusi@unimore.it malara@unimore.it

This contribution is part of a wider work, involving pre- and in-service teachers, aimed at making teachers
aware of the importance of developing in students an effective symbol sense. In this perspective, a
fundamental part of our work with teachers consists of activities of proof in elementary number theory. At
the same time we are interested in analysing the use and the role of algebraic language in the development
of such proofs. In this paper we present an initial analysis and classification of trainees’ behaviours in
facing the proof of a conjecture that arises from their exploration of a proposed numerical situation. The
analysis of teacher protocols has been conducted by reference to particular interpretative keys that reflect
our thinking about the abilities required for the deployment of algebraic language in proofs. They are: the
application of specific conceptual frames, the games of interpretation between different frames,
anticipatory thoughts, the use of conversions and treatments and coordination between different registers of
representation. From an educational point of view this analysis can be used as a methodological tool to
both help teachers identify their own difficulties in algebra and to promote communication with and
amongst them.

'Work carried out in the European Project ‘Transforming Mathematics Education through Teaching-Research

Methodology’.
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H podnpatikng eknaidsven Tov yovoik®v Katd 1o 19° aidva

Koartepiva Aaraxovpa
Tuquo ®KE, drhocoeikr XyxoAn, avemotiuo Kping, PEBupvo
dalakoura@phl.uoc.gr

2TV €1onynon vt TOPOLGIALETOL o TPMTN €KOVO TNG HABNUATIKNG EKTAIOEVOTG TOV YOVUIKOV GTOV
EMNVIKO Y Dpo (TOG0 TOV EAANVIKOV KOIWVOTAT®V 060 Kol Tov Kpdtovg) katd to 19° aidve. H 0éon mov
vrootnpiletal eival TG To. pAdUATIKO ®G YVOOTIKO aVTIKEIPEVO KotaAlapupdvouy tpitedbovca Béorn ot
YOVOUKELDL EKTAIOEVOT), OG OMOTEAESUO TNG KLPLOPYNS OVTIANYNG Y TOV KOWAOVIKO TPOOPIGUO TMV
YOVOIK®OV, TN YOVOIKEIDL QUOT KOl TIC VONTIKEG TG dUVATOTNTEG, TOL LAYOPEHOVIAL ATO TN YEVIKOTEPN
AVAYKT] TOV KOTITOALGTIKOV KOWVMVIMY Y10, TN O1Thpnon ¢ Katd eOAo d1y0ToUIKNG Tovg opydveoong. H
glonynon akoAovlel tn ypovoroyikn eEEMEN TNg Yuvaukeiag EKTOiOEVONG CLYKEKPUYIEVOTOIMVTOS GTO
TA0{o10 NG TO €100G KO TO TEPLEYOUEVO TNG HOOMUATIKNG EKTOIOEVLONG TOV YUVOIK®V, TNV EKTOLOEVTIKN
QIA0GOPI0, TOV UAONUOTOC Kot TTUYXEG TNG SIOOKTIKNG TOV, GUYKPITIKA LE TNV EKTOIOELGT TOV OPPEVOV,
KaODC Kol TIG S1POPOTOMGELS TNG OOUCKOAMOG TOV OVTIKEIUEVOD KOTA OlOIKNTIKO TOTO GYOAEIOV, LE
GTOYO TN (POIVOUEVOAOYIKT KOl TALTOYPOVA THV EPUNVEVLTIKN TPocsyyion tov Bépatoc. H diepedvnon tov
0épatoc ompiletal TPOTIGTOC 08 TPMTOYEVEC —ONLOGLEVIEVO KOl OONHOGIEVLTO- DAKO, 1) TPOGEYYIoH TOV
YiveTol KATm amd €vo KOW®OVIOAOYIKO Kol 10£0A0YIKO TTpicua, evd peBodoAoyIKd TNPOVVTOL Ol OpYEG TNG
EPUNVELTIKTG nebddov.

@suatikoc Aéovag 2|

H dwdaokario g yempeTpiog ot Agvtepofadma Exraiocvon pe ypiion e Oempiog Tov emmidov
YeOUETPIKIG okEYNG Tov van Hiele kot ) Ponj@sio tov T.ILE. oto mAaicla TS GUVEPYATIKNG
paOnong: po épevva og podnTég TG A” Avkeiov

I'edpyrog Anpdxog, Eppavovid Nikohovddkng
Howayoyud Tuqua A. E. [avemotipio ABnvav
gdimakos@primedu.uoa.gr, enikolou@otenet.gr

ZOoppova pe oyeTikég €peuveg oty EALGda aAAd Kol og maykoouo kKAipake ot pafntég tov Avkeiov,
0TV O1000KOVTAL TN YEOUETPIO UE TIG TAPOUSOCIUKES SOUKTIKEG HEBOOOVG, SVGKOAEVOVTAL TOGO GTINV
KOTAVONOT TOV EVVOLDOV OGO Kal 6Ty Tapaymyn arodeiéewv. Tlpoteivoupe pia uébodo ddackoriog g
yveopeTpiog oto Avkelo, cuvovaloviag Tig eacelg g Bewpiag van Hiele pe v I'vootiky Mafnteia ota
mioiow tov T.ILE. Ilpoxewévou va diepevvnfel n emidoon tov pobntdv oto padnpo g yeopetpiog,
otav 0ayBodv e v ev Aoy péEBodo, mpayuatoromOnke Epevva o€ Eva detypa 250 poabntov e A’
Avkeiov, Mikiag 15-16 etdv, oamd 6 Avkewn g AOfMvac. Xto mopdv apBpo dnuocievovue To
ATOTELEGHLOTA TG EV AOY® EPEVLVAG,
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Emtava@opd Tov S10voopdTOVY 6T0 YOUVAGL0: O10UKTIKES TPOTAGELS KOl GO0

EAévn Anpuntpradov Kovortavtivog Tavaxng
Ap Avdaktikiic Mabnpatikdv, Hoadaywyud Tuqua A.E.,
Yyoiwn Zoppoviog Kevipung Makedoviog Mavemoto Kpnng, P€Bupvo
ledimitr@sch.gr tzanakis@edc.uoc.gr

To dudvoopo eivar pio €vvolo. TOAVSIAGTOTN KOl TOAVENINEDN, OV 1 SBACKOAID TNG cLVOEETAL UE
dwmotopéveg Suokolrieg katavonong. Eni miéov n évvola og d1d0kTikd avtikeipevo oto Mabnpotikd tov
Ivpvaciov vanp&e eni oepd etdv meplboplomompévn, pe amnotéhecpo ot pabntés va oynuoatifovv
LOVOLEPEIS AVTIAMWYELC TOL GLVOEOVTAL KUPIMG LE TN Xpnon TG otn Puouk.

Y10 véa Pifiia tov MNupvaciov, yiveror Tpoonddeio eicaymyng tov davocuatog otn B taén, ne mpopavn
OKOTO VaL YPTCIUEDCEL G LAOMNUOTIKO EpYOAEID Y10l TN LEAETN TOV S10VOGHATIKGOV peyedmv ot Duowk.
H mpoomdbeia kpiveton kat’ apynv evolapépovca 1060 amd TAEVPAC YPOVIKNG EMAOYNG TNG OO0CKAALNG



000 Kol amd TAELPAG TEPlEXOUEVOD. Q0TOGO, YIo. AOYOVE AMAOVGTEVONG TMV EUTAEKOUEVOV EVVOLOV 1|
owovouiag TG mapovcioong, VIapyovv Kpiclwo onueic ta omoio gite dev Oiyovtal kabBoiov 1
SLOTTPAYLLOTEDOVTOL LLE TPOTO OVETOPKT 1] OKATAAANLO.

Ymv mapoboa E€0NYNOY, OVTA To Kpiowo onueio oyoAdlovial, &vd TAPAAANAN TpoTEIVOVTOL
EVOAAOKTIKOT TPOTOL TOPOVGICTG TOVG.
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Les parametres didactiques cruciaux pour comprendre I’intégration de I’expérimental dans la
pratique et ’enseignement de la géométrie: Exemplification griace 2 Cabri 2 Plus et Cabri 3d

Jean-Jacques Dahan
IREM de Toulouse, Toulouse, France
jidahan@wanadoo.fr

En France, 'utilisation des TICE dans I’enseignement des mathématiques est maintenant souhaitée par
I’institution car on pense qu’elle devrait permettre une approche plus expérimentale des mathématiques
dans un pays a tradition fortement rationaliste. Cet article met 1’accent sur certaines des connaissances ne
faisant pas partie de la formation actuelle des enseignants et que je considére comme des paramétre
cruciaux pour maitriser un enseignement s’appuyant sur une démarche expérimentale de découverte
médiée par I’environnement de géométrie dynamique Cabri. Ces paramétre cruciaux concernent la notion
de figure (qui est une spécification), la notion d’expérimentation (qui est une pourvoyeuse de données et
qui est, soit générative soit validative), les appréhensions figurales avec leurs valeurs heuristiques en
particulier en environnement informatique. La connaissance d’une décomposition formelle de la démarche
expérimentale de découverte (en étapes pré et post conjecture) ainsi que des praxéologies G1 et G2
Informatiques mises en évidence dans mon travail de thése (mettant 1’accent sur les techniques de
validation spécifiques en environnement de géométrie dynamique) fait aussi partie de ces parametres tout
comme la preuve expérimentale qui est une partiec fondamentale d’une telle démarche en amont de la
démonstration formelle, qu’elle ne remplace pas mais qu’elle doit préparer.

|@8ﬂarmo'g Aéovag 3|

Les découvertes Keralaises sur les séries trigonométriques et leurs justifications dans le
tantrasangraha (1500 d.n.e.) et ses commentaires.

Jean Michel Delire
Secrétaire du Centre Altair d’Histoire des Sciences de 1’Université de Bruxelles, Belgique
jmdelire@ulb.ac.be

Pendant plusieurs siécles, la tradition d'4ryabhata (astronome-mathématicien des V-Vi© siécles d.n.¢.) a
été préservée dans le sud de I'Inde, plus particulierement au Kerala. Soucieux d'appliquer les paradigmes
classiques pour le mouvement des planétes, les astronomes kéralais (comme Jyesthadeva floruit entre
1500 et 1575, éléve, comme Nilakantha, né en 1444, de Damodara, fils de Paramesvara), constatant que
leurs calculs ne correspondaient pas a leurs observations, ont changé les constantes et parametres de leurs
modeles. Ces astronomes, jeunes et vieux, vivaient collectivement dans des illam (mot malayalam
désignant la maison, la résidence), grace au patronage du roi auquel ils rendaient les services habituels de
leur savoir (astrologie, établissement de calendriers, almanachs, etc.). De cette maniére, les connaissances
circulaient librement et s'enrichissaient constamment.

Une particularité de ces cercles de lettrés kéralais est la production de textes de base sur certains sujets
particuliers (au contraire du reste de I'Inde ou l'on trouve plutét des sommes), ensuite développés et
commentés. Leurs travaux sont surtout remarquables dans le domaine de la trigonométrie, dont l'origine
est le désir d'améliorer les approximations de T, les tables de différences de sinus et 1’évaluation des sinus
d’angles non tabulés, utilisés en astronomie. Dans ce sujet, ils devanceérent de prés de deux siécles les
découvertes du XVII® siécle européen.

C'est a la description de certains de ces travaux, exposés particulierement dans le Tantrasangraha de
Nilakantha (v. 1500 d.n..) et dans la Yuktibhasa, son commentaire anonyme du XVI° siécle attribué a
Jyesthadeva, et a la recherche de leur présence dans d'autres ouvrages kéralais de la méme époque, que
nous consacrerons cet exposé. Nous verrons que, contrairement a ce qu’on observe dans les autres



ouvrages mathématiques indiens, y compris chez Aryabhata, qui énonce simplement les formules, ou chez
son commentateur Bhaskara 1, qui les illustre par des exemples, les astronomes-mathématiciens kéralais
explicitent les raisonnements heuristiques qui meénent aux « formules trigonométriques » On peut
considérer ces raisonnements comme la manifestation, unique dans 1’histoire de 1’Inde pré-coloniale, d’un
souci d’expliciter, sinon de prouver des résultats, que les historiens des mathématiques ont trop tendance a
considérer comme empiriques.
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Learning mathematics: a naturalistic view

Willi Dorfler
Institute of Mathematics Education, University of Klagenfurt, Austria
willi.doerfler@uni-klu.ac.at

Beliefs concerning the general status and quality of mathematics and those indicating, what mathematics
is all about and its accessibility and comprehensibility often turn out to have negative and detrimental
effects on learners’ attitude towards mathematics. For instance: mathematics is viewed as an abstract
discipline, which is mostly interpreted as inaccessible for the average student; or, mathematics is too
difficult for girls; or, it doesn’t make any sense operating with meaningless symbols. I will discuss a
possibility to counter these related beliefs, which in my view are not compatible with the reality of actual
and observable mathematical activity. The theoretical background is formed by the notions of diagram and
diagrammatic reasoning developed by Ch.S. Peirce within his semiotics. These offer the opportunity to
consider the very diagrams, i.e. written inscriptions together with a system of formation and
transformation rules, as the objects and means of mathematical activities. In this way, mathematical
activities receive a very concrete quality, becoming observable and imitable, as well as turning into a kind
of social practice comparable with that of crafts. In these activities one designs diagrams, one investigates
their properties, states invariant relations as theorems and makes a great variety of referential
interpretations of the diagrams. I will present the central features of the theory, give many examples and
guard this view against misinterpretations, e.g. as a kind of behaviourism or as a kind of formalism.
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Problem posing through correspondence seminars

Jaroslav Zhouf
Charles University in Prague, Faculty of Education, Czech Republic
jaroslav.zhouf@pedf.cuni.cz

A ‘correspondence seminar’ is one of the mathematical competitions organised in the Czech Republic for
pupils of all types and levels of schools. A group of older students (secondary or university ones) prepares
problems enclosed within a (real-life) story and sends them to younger pupils (by mail or e-mail). Later,
they collect their solutions, check them and prepare another round of the competition. All is done via (¢)-
mail; that is why it is called a correspondence seminar. The article is to point out a possibility of using a
correspondence form of work not only in the work with talented pupils but also in the everyday
mathematics classroom to increase pupils’ motivation towards mathematics and improve their problem
solving skills. The competition is characterised and an illustration is given of one round of a
correspondence seminar. The importance of the connection between problem posing and problem solving
in schools is emphasised and the preparation of the correspondence seminar is presented as one of the
ways of developing problem posing skills in university students, future mathematics teachers.
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Epyootiplo 1670piog Kol S100KTIKNG TOV HOONNOTIKAV: LTIYHIOTUTO KO EIKOVES 00 T1) O10UKTIK
a&lomoinon g 1oTopPiog TOV padnpaTIKOV ota véd Bifiia Tov yopvaciov

Néavvng Oopaiong
2oAKOC ZOpfovAog Madnuatikdv Avtiking ®ecoalovikng
gthom54@gmail.com



Y10 véa dwokTikd Pipiic Mabnuatikev tov INvpvaciov €xel yiver gupeion yxpion otoyeiov ond v
Iotopio Tov Mobnuatikdv. Exktog amd 1o mopadociokd 16TOPIKE GNUELMUATO, VITAPYOVY EMIONG TOAAEG
OpACTNPIOTNTEG LE LIOTOPIKO TEPIEYOUEVO EVOOUATOUEVES GTNV KVPLo, podnuatikny OAn tov Pipiiov, ot
OTOIEG EYOVLV TTPOPUVMG GTOYO V. GUUPAAOVY GTNV TANPESTEPN Katavonon e tedevtaioc. Eival pavepd
OTL Ol OLYYPOPIKEG OUAdEG TPpooTAONcaV v OvIamokpldovy GTIS EMIGNUAVOELS TOV AVOALTIKOD
[poypaupatog yoo tov emnokodountikd poio tng lotopiog tov Mabnuotikdv otn ddackoAio Kot
péonon.

H kprtikn avayvmon avtodv Tov KEWEVOVY detyvel Opmg 6Tt 1 évtaén toug ota ddakTikd Bipiio Eywve yia
va ikevomomBobv TpaToapyikd ot 6pot TG TPOKNPVENG TOV JAYOVIGHOD GUYYPOENS TV Biliov, Kot oyt
n ovowotikn oaflonoinon g lotopiag tov Mabnuoatikov ot Sdackaiic Tovg cOppova pe 6co
avagépovtal oto. AvaAvtikd Ilpoypappota 1 éxovv xotaypoeesl ta tedevtaio ypdvia otn debvn
BiBroypapio yia to cuykekpiuévo (Rtnua. To cvumépacua avtd mpokdaTel and v Evioaén ota Pipiia
TOAADV 1GTOPIKOV CMUEIOUATOV KOl dpASTNPlOTHTOV UE coPapd AdOn, acdeeieg M mopoieiyelg, wov
vrodnA®@vouv TANppeAn eneEepyacio Kot Kabiotovy 1810itepa TPOPANUATIKY TN XPTCLOTOINCY| TOVG OTNV
TaEN.

210 egpyactipo Bo Topovcidcovpe TOAAG mapodeiypota mwov emPefoardvouy To TopAmive, O
vrodeifovpe EVOALOKTIKOOG TPOTOVG 0EI0TOINGTG TOV GLUYKEKPIUEVOD VAIKOD, OAAG Oa S10TLIOGOLLE KOt
GUYKEKPUUEVEG TPOTAGELS Y10 TNV OVGLOCTIKA a&tomoinon ¢ lotopiog towv Mabnuotik®v oty enilvon
TPOPANUATOV OOUKTIKNG PUOEDC.
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What does it mean for a teacher to have a “scientific approach”? A reflection

Donatella Iannece Piera Romano
Dipartimento di Matematica e Applicazioni, Liceo Scientifico Statale “Mons. B. Mangino”,
Universita Federico II, Napoli, Italy Pagani, Salerno, Italy
diannece(@unina.it romano.piera@alice.it

Assumptions about the construction and the transmission of knowledge and about the nature of
mathematics always underlie any teaching practice, even if often unconsciously. To make explicit such
assumptions and to enrich on a theoretical basis the naive models of natural knowledge dynamics and of
knowledge transmission constitute a first step in order to make didactic practice a more and more
“scientific” enterprise. In this paper we present a piece of research experience made by a teacher,
involving the study of some new neuroscience results, and analyse its outcomes in her didactic practice.
The teacher’s ability to rely on a theoretical reference frame appears in several directions: in the choice of
the global goals in mathematics education, in the interpretation of learners’ cognitive behaviours, in the
design of didactic interventions, in the assessment, and so on. To support our argumentations, we present
some experimental data concerning a long-term path with 14 year-old pupils.
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Evaluating a teaching module on the early history of error correcting codes
Uffe Thomas Jankvist
Department of Science, Roskilde University, Roskilde, Denmark
utj@ruc.dk

This paper falls within the area of empirical research in the field of using history in mathematics



education. More precisely, it discusses a teaching module on the early history of error correcting codes,
which was implemented in a Danish upper secondary mathematics class in the summer of 2007. As part of
this module the students were to write several essays illuminating different aspects of the early history of
error correcting codes. The research questions of the paper concern the way in which the students were
able to discuss meta-perspective issues of this history and if these discussions were anchored in the taught
and acquired mathematics of error correcting codes.
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Evpipata andé to 010yveeTikd drayodviopa Tng A Avkeiov g oyoikg ypovids 2006-07

ILodvvng Kavéihog
XyoAkog Zoppfoviog Mabnpatikdv Kprng
atkaskan@otenet.gr

H mapovoa epyacio mapovoidlel pepwkd evprpate pio €pgvvag 1 onoio mpoomddnoce pe T ypnon
EPOTNUOTOAOYIOV VO, EKTIUNGEL TNV KATACTOON TMV EVEPYDYV YVOGEMV GE GTOLYEIMON Mabnuatikd twv
Ty To omoia TN ypovid 2006-07 dpyioav T @oitnon tovg oto Avkewn. To ep@TUOTOLOYIO
ouvtayOnke and 10 cLYYPAELD TG TAPOVONG EPYACING KOl OVTAEL TO TEPLEYOUEVO TOV EPOTNCEMY TOV
oYEdOV OMOKAEIOTIKA 0mtd TO oYoAKo PifAio e I Tvuvaciov mov ddayxdnkav To O CLTA TN
oyoAkn ypovid 2005-07. H vrndbeon g épevvag givar 61t mopovcstalovial GoPoapd yVmGTIKO KEVE Ta.
omoio Bo mpémEL Vo OVTETOTIOTOOV Kot EAAEYN Poctk®v pobnNUaTIK®V SEI0TATOV OV TPENEL Vo
armoktnBovv. Ta gupiuato amotelovv tKavi €voelin 0Tt 1 vtdbeom €xel PAGIOTNTO GTO GUYKEKPIUEVO
delypa av kot dev umopei va Oempnovv anddelén tng vrdbeong oTov avTicoTolyo TANOVGuS.
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O BaBpég amodoyns T0V VEOL AVUAVTIKOV TPOYPAUNOTOS TOV REONUATIKAOV 00 VALY OYO0VS TG
ONuoOoIOG EKTAIOEVONG

EAiévn Kaoovpun, Koetag Zaydpog, Mapia ITovrov
Tuquo Emompdv e Exrnaidevong kot tg Ayoyng oty [pooyoiikn Hlkia
[Havemomuo Hatpav
ekasoumi@upatras.gr, zacharos@upatras.gr, mpoulou@upatras.gr

H epevvntikn epyocio mov mopovcstdletol €06 AGYOAEITOL PE TNV KOTAYPOPY] TOV OATOWEDV VITIOYOYDV
oyeTkd pe 1o véo Avalvtikd ITlpodypoppa (v. AIL) tov Nnmoyoyesiov. Emiyspel va evtomicel Tig
AVTIANYELS TOV VITOYOYOV Y10 TNV ETUPKELR TOVG 0TI O1000KUAIN TOV HOONUOTIKOV EVVOLDV KOl TO
w660 vidBovv mpoegTolpacuéveg vo odEouy Tig €vvoleg mov oavagépovtal oto v. AIl. Emumiéov,
EMYEPELTAL IO KATOYPAPT TOV OTOYEDY TOVG GYETIKA UE TN SLVATOTNTO EQPUPUOYNG TOL OVOAVTIKOD
TPOYPAUUATOS KOl €GV Ol 101EC TO ¥PNOWOTOOLY ot dwackaAia Tovc. H avdivon tov eumeipikov
OedOUEVOV NG £PELVOG KOTAOEIKVOEL OTL Kupiopyo poAo otmv epapuoyn tov v. AL mailovv ot
OVTIANYELG OIO0KTIKNG aLTO-amoTeAecLaTkOTNTOG (teaching self-efficacy) Tov vnmayoyov.
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AW OOKOALD PN YPOUUIKOV SVVEUIKOV GUCTI|LATMV 6TO ONUOTIKO 6)0ieio pe T for)Oswa
TPOGOUOLAOGEMY GE NAEKTPOVIKO VITOLOYLOTI|:
H perétn g gvaiocOntng e€aptnong and Tig apyikés cuvOnKeg

Nikog Kovvrovpaxng I'edpyrog Moiviong,
Exrodevticog pwtoBdduiag Exnaidevong [Moavemomuo Ioavvivav
koudya 2000@yahoo.com gpolizois @edc.uoc.gr



Ta un ypoupiKd SVVOUIKE GUGTAUATO OTOTEAODV €0M KOl ¥pOvia TAEOV éva VEO medio €pevvag GTO
moiclo tov “cOyypovav’ Madnpoatikov kot tov Gvoikov Emomuov. Ov Xvomuikéc Oswpieg, n
Emomun g [Holvmhokotntag kot 1o Xaog cvuppdiiovy o pia véa Bedpnon g “mpaypatikotntog”. Tu
ddaocKovpEe gUEC OoTOL OYOAElDL Yo TOL UM YPOUUIKE SUVOUIKE GLOTHUHOTO, TIC WOWOTNTEG TOVG, TIG
dvvatotnteg TopépPacng tov avlpamivov Tapdyovto; Tt katavoodv ot pabnTég pog Kot Je ooV TPOTo
01KELOTOLOVVTAL OPOVG GYETILOUEVOLS LE TIG VEEG aVTEG Tpooeyyioelg; Ot avpilavol moAites, pe fdon mowa
Aoywn Ba dayepilovtar ta (ntipate mov Bo avagvovtal, XTtnv wapovca epyacia Ba depevuvndel
katavonon amd modid nikiog 11-12 etdv g €€dptnoneg cLoTNUATOV (YPOUUIK®DY KOL U1 YPOLUK®V)
amo TiG apykés ouvinkes. Ta epeuvnTiKd EpOTALOTO SIOUOPPDOVOVTUL G EENG:

Ot podntég e ZT' tééEng evog pécsov EAAnvikod Anpotikod Xyoieiov pmopotiv:

1.No avtiAngBobdv ) dopopd tov e&eliewmv mov TPOKHTTOVY Omd OAAAYEC OTIC apPYIKEC cLVONKeg GE
YPOLLUIKA KoL 1N YPOLLLUKO GUGTHLOTOL,

2.Na petagépovy Kot' avaroyio TG SIOMIGTMOGEL TOVG G€ AALEG OLOLES TEPITTAOCELS;

To delypa g €pevvag givar 22 padntéc me T  14Eng Tov 200 Anuotikod Xyoieiov ovdag.

H épevva o1e&nybn oe tpeig paocelg. Xtnv mpdTn Odon ot uadntég cuumTAnpOcay POAAL epyociag, Ta
omoio. tovg {nrovcav va mPoPAéyovv TV €EEMEN YPOUUIKOV KOl LN YPOUUIKOV CUGTNHAT®V, TOV
TPOKVATEL OO OAAAYEG OTIG OPYIKES GLVOTKES TOVG.

2 0edTEPN QAo YPNOWOTOONKAY TPOCOUOINCEL, Ol 0moieg  KOOIGTOUV EQIKTN TNV €KTEAEON
OAAETAAANA®V ETOVOAMWYEDY, TPOKEUEVOL VO OlEPELVIIGOLY Ol HOONTEC OAEC TIC OLVOTOTNTEG HLOG
KATAGTOONG KO VO OVTLLETOMTICOVV EPMTAMOTO TOV TOTOL “Tt B cuvéfatve av...;” . Edikd yio to pn
YPOUUKE ocvothpata, 1 Oepelmong vmdbeon mic® omd TNV TPOGOUOI®GY TOLC OEOPO OTNV
AVamapAoTOoT TNG TOALTAOKOTNTOG Tov gueavifovyv. H molvmAokdtnta avth opeidetor o€ Alyeg
GUVIOTACEG, OV OAANAETIOPOVV GOUUPOVE HE OTAOVG KAVOVEG, Ol OTOiol GLUTEPIAApUPAvVOVTAL GTO
mpdypappa. ['a v Epguva 6Ta P YPOLUIKA GUCTHHOTA XpIoomoOnke to Tpdypappa “Game of Life”
(“To maryvior g Cong”). T v €pguva 6Ta YPOUUKE GUGTHHATO YPNCWOTOMONKE TO TPOYPOLLLOL
“TIOAAATIAAN”.

Yy tpitn @don ot podntég a&toroyndnkav. I'ia v a&toldynon ypnoiponombnkay VAL a&loAdynong
KOl TTPOYMOTOTOMONKaY — emAEKTIKEG MOOUNUEVEG OGUVEVTEDEELS, e MOONTEG - EKTPOCMTOVE TMV
KOTNYOPLOV, Ol OTOIES EIYOV TPOKVYEL OO TN UEAETT) TOV UTAVTICEDY TV QOUAA®V epyaciag. H doun taov
ovvevtevéemv mepLEAAUPavE EPOTNOEIC YO, TN OIKOIOAOYNOT TOV OTOYEMV TOL ElYOV EKPPAGEL Ol
nantég, oto EOA0 a&loAdynong, Kabmg Kol EPMTNCELS YL, TV GUGYETION TV OTAVIHOEDV TOVG LE TA,
AOYIGHIKGL TTOV YPTCLUOTOINCAY.

H épevva Bpioketal 6To 6TAd10 TG GCLAAOYNG TOV SEO0UEVOV.

Osuatinég Alovac 4

H o axtik 0&lomoinon £vég amrrlod PUOIKOD HOVTELOV KIVODIEVAOV COUATIOIMV Y1a TV KOAVTEPT
KaTovOonon TS £VVolaGS TNG OLOKOROVGTNS GT1) OTUTIOTIKY

Myyaing Kovpkoviog
Howayoyud Tuqua A.E. Moaveriomuiov Kping, PEbuuvo
mkourk@edc.uoc.gr

O1 S180KTIKEG £pEVVEG EmonUaivovy 0TL I Alakdpoven kot 1 Tomikny AndkAion gival évvoleg 60GKOAES Yia.
TOAAOVC OoLTNTEG TTOL glodyovTol 6T XtaTiotiky. [Iponyodueveg épevvég pag €6eiéav OTL oTo, TAGiGLO
TOV ouVNOICUEVOV TOPOOEIYUATOV GTUTIOTIKOV OEOOUEVAOV TOV OVAPEPOVTOL GE KOTOOTACELS TNg
kaBnuepvng Cmmg (Kot yeVIKOTEPO GE KATAGTAGELS OV APOPOVV KOWVOVIKA QOIVOLEVA) 1) KATOVONOT TNG
Awxduaveng mopovotdlel waitepeg dvokoAieg. Ou épevveg avTéC Oeiyvouv emiong OTL KOTA TNV
€100Y®YIKT O10ackaAia TNG £VvOolog 0TS Eival 1O1HTEPO CUAVTIKO VO TAPOLGLALOVTOL GTOVG POLTNTES
KOl KATOOTAGES OTO TAMICLY TV Omoimv 11 Alakdpoven £xel évo vOnuo EVKOAN OVTIANTTO Kot yiveTo
govonto 0Tl amoterel éva Pacikd pétpo dwomopdg (m.y. ocite Kourkoulos & Tzanakis 2008). Mia
1GTOPIKT KOl ETIGTNUOAOYIKT avAAvGT e SOUKTIKN KatenBuvon enétpeye va gviomicfovv opiopéva omid
Duokd HoVTELD OV IKOVOTOLOUV TIG TOPATAVE® TPOVTOBESEIS KOl 1] XPTOT TOVG UTOPEL VoL SIEVKOADVEL
v katovomon ¢ évvowc Awokduavong oe elcayoykd eminedo (Tzanakis & Kourkoulos 2004,
Kourkoulos & Tzanakis 2008). 'Evo Bacikd Této10 LOVTEAO €ival TO HLOVTELD TOV KIVOUUEVOV COUATIOIOV
TOV omoiov M JWOKTIKY ¥pNon depevvOnKe ota TAaiclo Piog TEPAUATIKNG dd0oKAMAG EIGAYMYNG 0N



2T0TI0TIKN OV TTpaypatonomoape pe eortntég tov ILT.AE. Zroyeio avtic g diepedhivnong avaibovion
GTNV TOPOVCH EPYAGIOL.

|@8ﬂaﬂkég Aéovag 3|

Modeling tasks for developing geometry teachers’ spatial, epistemological, and pedagogical
knowledge

Barbara M. Kinach, Ed.D.
University of Maryland, Baltimore County, USA
kinach@umbc.edu

What is the nature of mathematical knowledge for secondary teaching? International researchers agree
that secondary mathematics teacher preparation must address the procedural, rule-bound nature of
prospective teachers' understanding of many secondary mathematics topics. No longer is it assumed that
advanced university-level mathematics coursework is adequate preparation to teach secondary
mathematics. Aspiring teachers majoring in mathematics often must de-construct their rule-bound
understanding of familiar school mathematics topics and re-construct it into a more dynamic and
penetrating understanding of concepts, algorithms, methods of inquiry, and disciplinary perspectives. The
challenge for teacher educators is to generate critical analysis, reflection, and penetrating discussion about
topics that prospective teachers think they know. Video cases of students’ thinking are known to stimulate
provocative mathematical discussions among teachers. In this paper, | propose manipulative modeling
tasks as another knowledge-eliciting and knowledge-promoting cognitive tool for mathematics teacher
preparation programs. The tasks reported here focus on non-Euclidean geometry.

|@s;m1‘m0’g Aéovag 3|

On composing multiple-choice tasks, thought experimentation & algebra teachers' knowledge base

Boris Koichu
Technion - Israel Institute of Technology, Haifa, Israel
bkoichu@technion.ac.il

This article deals with characterizing the knowledge base of 55 in-service high school algebra teachers,
with particular focus on the teachers' knowledge of students’ epistemology. We report the data collected
during three workshops, in which the teachers were asked to compose optional (wrong, but plausible for
some students) answers to the question related to exploration of functions. The workshops were
videotaped; three out of 13 discussions in small groups were audiotaped and transcribed; all the written
work was collected. The resulting answer options composed by the teachers and their problem posing
discourse were analyzed inductively, based on the predefined categories taken from Schulman's definition
of teachers' knowledge base. We argue that the teachers' performance bears characteristics of thought
experimentation. The teachers are found to be capable of constructing multi-step imaginary scenarios of
students' erroneous thinking based on various rational reasons. The results also show that less experienced
teachers tend to project their own learning experiences on their students, whereas more experienced
teachers model the students' thinking by reflecting on their teaching experience.

|@s,uarmo’g Aéovag 2|

TRICK
Jasna Kos
Gimnazija Bezigrad, Periceva 4, Ljubljana, Slovenia
jasna@gimb.org

In the presentation the project week for 16-year-old students with the title "Trick" is introduced. It



describes how to connect mathematics with psychology, biology and art by studying optical illusions,
impossible objects, Mobius strip, reversible figures, and the fourth dimension.
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H évvowa g avaroyiog oty gpyacio Kot 1) oxéon TNG NE TN OYOMKN gumelpia: perétn wepinToong
G€ KOTIPLOVS aPTOTTOL0VG antd TNV emapyio. Agpecov

Xaparapmwog Agpoviong, @oifog Kapavvikng
TuAua Emoetuov Ayoyng, [ovemotipio Konpov, Asvkmoio
lemonidi@ucy.ac.cy, sep7kf2(@ucy.ac.cy

Ta tehevtaio ypdvio 6TO YDHPO TNG EPELVAG VIO TN HLOONUOTIKY EKTAIOEVOT TPAUYUATOTOONKAV APKETES
UEAETEG GYETIKA LLE TN YPNOT TOV HOONUATIKOV GE dLIpOopo. EMAYYEALOT OT®G TV vocokouwv (Hoyles et
al. 2001), tov popaykav (Millroy, 1992), tov toltikdv pnyovikov (Hall & Stevens, 1995) k.a. Oleg
oxedOV KOTEANEAY OTO 1010 CLUTEPAGHO, ONA. GTO OTL Ol TEPIOCOTEPOL EVINAIKEG YPNOUYLOTOIOVV  TC.
HOONUOTIKCG Y10 VO KOTOVOTGOVV TIG KOTAGTAGELS YOP® TOVG UE TETOLO0VG TPOTOVG IOV SlapEPovV priikd
amd ekeivoug mov S10AcKOVTOL 6TO GYOAEl0. XNV TTapoHoa Epgvuva TPOoTABOVE Vo KAVOVUE Lo TPMOTN
depeHbvNo Y10l TOV AVOAOYIKO GUALOYIGUO TV OPTOTOLMV. ZVYKEKPIUEVA, EeTAloNE: TIG UTOWYELS TOVG
Yoo TN YPNOUOTNTA TOV GYOMKOV HOONUATIK®VY, TN 6Y€0TN TOV YVOCEMV TOVG OTIS OVOAOYieg He TNV
€PYOOiOl TOVC KOU TIG OTPOTNYIKEG OVOAOYLKOU GULAAOYICHOD 7OV SNAMVOLY OTL YPTGLLOTOOVV CTINV
gpyoaoia tovg. Ta amoteléopata deiyvovy OTL Ol APTOTOLOL TOVL JEIYOTOC UaG TOTEHOVY OTL GTN SOVAELL
TOVG YPNOUOTOOVY OTPATNYIKEG EMIAVONG ovaAoyIKOV TpofAnudtev mov €uabav 610 oyoieio Kot
KuplG TN OTPOINYIKN TG avay®yng otnv povada. Exyovv Betiki otdon anévavtt oto pabnuotikd Kot ot
MEPLGGOTEPOL TLOTEVOLV OTL TOL GYOAMK(A LAOMUOTIKA, Kot YEVIKA To. podnuotikd, eival ypnoyo ot (on
KOl GTO EMAYYEALLO, TOVG,.
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H ypion aryefpik@dv nhAakidiov otn o100cKaria KoL T pnaden arhyefpika@y gvvorav

Mapn Moappapd, Kaotag Xatinkvpidkov
Howayoyud Tuqua AE, Tavemotiuio Oeccariog, Borog
marmara@pre.uth.gr, kxatzkyr@uth.gr

2mv gpyocio autr, TOV £ivol PHEPOC EVPVTEPNG EPEVVAC LOC, LEAETAUE OPIOUEVOVE OO TOVG TPOTOVG LE
TOVvg omoiovg €va €100¢ yepomTiIKoL LAWKOV (manipulatives), to olyefpicd mhoxidwo (algebra tiles),
enédpace otn SuoKoAlo Kot TN padnom oAyePpikdv evvoldv, OM®G €ival TO TEAELD TETPAY®OVO, TO
AVATTUYLLO TOV TETPOYDOVOL SVMVOLOV KOl 1] S10POPE TETPAYDVOV.
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H moiv-molTiopik] 0146TUGT TOV TOAALOTAUCLUOLOV: GTACELS KUl OVTIAMYELS KOTTPLOV
EKTALOEVTIKAYV YU TT] (P10 TNGS 6T1] O1000KAAIG TOV HOONRATIKOV

EAévn Mo, llopackevn Lo@okiéovg Xapadrapmog Agpoviong
Tunpa Emoemmpov e Aymyng, Howayoyud Tuqpa A.E.,
[Movemotyuo Kdmpov ITavemomuo Avtikig Maxedoviog
eleni_mic@yahoo.com, skevi_sophocleous@yahoo.gr lemonidi@auth.gr

Ta tedevtaio ypovia yivetor £vag €vtovog S1A0YOS Yo TO POAO TNG EVEOUATMONG TNG 1OTOPlaG TV
ponuotik@v ot podnuotikn ekmaidgvon. Ot exkmoudevtikol eivar To KAEWDL Yo TNV «TETUYNUEVIY
EVOOUATOON NG XtV mopohoo UEAETN €£eTGlOVTOL Ol GTAGELG KOl Ol OVTIAMYELS EKTOLOEVTIKAV TNG
mpotofdduag eknaidevong e Kompov yio v evomudtoon g 16Topiog Tov TOAAATANCIIGHOD GTN
ddaoKaAlo TOV LOONUOTIKGV, KAODC T0 TPOCHOTIKG YUPUKTNPIOTIKA TMV EKTAUOEVLTIKMY TOL ENNPeGlovv



VTG TIG OTAoELS. Mésa amd TNV TOGOTIKN KOl TOLOTIKN OVAALGT TOV OMOVINGE®Y TOV EKTOIOEVTIKOV
Tov delypotoc Ppébnke 0T €rovv OeTikéG OTAGELS OMEVAVTIL GTNV EVOOUAT®OON 1TNg 10TOpiog TOV
TOAALOTAQGLOG OV OT1 SO0CKOALD TOV, AveEOPTHTOS POAOV, EMITPOCHETOV GTOVIDV KUl YVAOCEMV ETL TOV
0éuatoc. Oupmg, domotdinke OTL Ol EKTOLOEVTIKOL TOV OElyLaTOg £XOUV EAGYIOTEC YVMOELS YO TNV
ekmadevTikny ol NG EVOOUAT®OONG TG  TOAD-TOATIGUIKNG  dldotoong TG  wpaéng  Tov
TOAALOTAQGLOG OV GT1) d10acKaAid TOV.

|@s,uatmo’g Aéovag 4|
H 10 akTiK TG 6TATIGTIKNG 671 Poouki] ekmaidgvon
INévvng Muyyaing
Ap. Howaywyuwod Tuquotog A.E. [Mavermiotnuiov @cocaiovikng
gmichal@eled.auth.gr

Mo kabe avtikeipevo g exmaidevong, eivar extBountd va TapovctdleTol VO CUVEKTIKO TANICIO TMV
OTOYEVOLEVAV EVVOLDV, YVAOOE®MV Kol OE0THTOV TOV TPOKEITOL Vo HOOELTOVYV KOl ovTIoTO(O V.
a&loroynBovv. Oa mpémel va avoyvopilovtal Kool 6Toyol Tov LIToPovV VO EPAPLOCTOVY GE dUPOPETIKA
mhoiolo exkmaidevong kot ekToudevTikég Pabuidec. Ty moapodca glonynon enyepeitor va datvnwbel og
YEVIKEG YPOUUES €Ve TTOPOUOI0 TACICIO OVOQPOPIKG UE TO OVTIKEIUEVO TNG XTOTIOTIKNG OTn Pootkn
exkmaidevon, Ue v Topadeon Kol T0 GYOAOCUO TNG AVOUOPPMOOTNG TOV TPOYPUUUATOV CTOVODOV, TOV
EKTOLOEVTIKAOV GTOYMV, TOV SIOOKTIKOD LOVTELOV, TOV TEPIEXOUEVOL TOV AVTIKEIUEVOD KOl TOV SIO0KTIKGOV
mPOGEYYIcEWDV.
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H épevva yro T petayvaon Kot T padnen tov podnpratikov: 4£00uéva Kol TPooTTIKEG

Evéyyehog Maxkog, Zovia Kagovon, ®Ppaykickog Karapdaong
[Mavemotiuo Atyaiov, Pddog
emokos@rhodes.aegean.gr, kalabas@rhodes.aegean.gr

H onuocio g épguvag TV HETAYVOOTIK®OV S0dIKOCIOV TOV HoNTOV KoTd TN HaOnUATIK) TOvg
dpacTNPIOTNTO EUPAVIGTNKE OPYIKE (¢ GUVERELN TNG EUPaoNG TOL giye dobel 6To POAO TNG OTOKTNONG
ouveidnong amd tovg d1ovg Tovg HabNTég TV evepyEldV Tovg koD pabaivouy pobnuatikd Kot Tov
dwdwootov  avtoppObucng tovg (Kilpatrick,1985). Xt ocuvvéyela n oyxéon g AWOKTIKAG TOV
MaOnpotikov pe ) petayvaon dievpivinke, kabmg eavnke 0Tt «1 YVdOGT Tov SL0OETEL TO ATOUO Y1 TIG
yvootikég Aettovpyieg tovy (Schoenfeld, 1992), eumiovtilel ™V HEAETN TOV €VPVTEPOV OLOOIKACIOV
EMOV-eEICOPPOTNONG TOV VIOKEUEVOL KOTA TN (AGCT KOTAGKELNG VEMV GYECEMV LE TN YVOOTN, LE TOVG
GAAOVG, LE TOV E0VTO TOV.
v ewonNynon avty TPOoTEVOLUE TNV TASIVOUNGN TV EPELVMV Y10, TN UETHYVAOCT OTr Hofnuatikn
eKTaidevoT oTIG 4 TUPOKATO KOTNYOPIEG KOl EMLYELPOVUE TNV AVASELEN TOV EPEVVITIKAOV EPOTNUATMV TOV
tiBevrat.
o ’'Epsvveg yia o poAO NG HETOYVOONG 0T HaOnorn kot ddackaAio Tov Mabnuotik®dy, Koplng
KT TNV MiALGN TPOPANUATOV.
o ’'Epevveg yio Tn 6Y£01 HETOYVAOOTIKOV TKOVOTHT®V KOl YVOOTIK®V O1001KACIOV, L GKOTO TNV
KATOOKELN Be@PNTIKOV HOVTEA®V Y10 TNV OVATTLET TOV UETAYVOCTIKMV IKAVOTNTOV GE GYECT| LUE
TIC YVOOTIKEG IKOVOTNTEG, TPOKEWUEVOL VO UTOPOLV VO GYESIOCTOVV TPOYPOUUATO Yo TNV
AvATTLEN LETAYVAOOTIKOV IKOVOTHTOV TOV TALOIDV GTO, Lo UOTIKA.
o ’Epevveg yio T Aertovpyio TG HETOYVOONG, HE GKOTO TN HUEAETN TNG EVVOLOAOYIKNG KOl TNG
EPYOAELOKNG TNG O1AGTAGTG.
e ’'Epevveg mov eotidlovror oe mepifdAiovio mov otnpilovv TNV aviamTtuén UETAYVOOTIK®V
KOVOTNTOV OTA LOONUOTIKA.
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Dynamic implementation of Moulton’s plan (non-Desarguesian geometry)

Yves Martin
IUFM de La Réunion, France
yves.martin45@orange.fr

As it is well known, David Hilbert was the first to realise the importance of Desargues’ theorem for an
axiomatic approach to plane geometry that makes no use of 3D-space. An example of geometry that
realizes all Hilbert axioms except Desargues’ theorem, was proposed by Moulton in 1902, since then
known as Moulton’s plane.

Up until recently, the different striking achievements in dynamical geometry did not give the possibility to
model Moulton’s plan dynamically because of the difficulties in using it’s straight lines and segments as
one object. This is no longer the case and the exploration of Moulton’s plan can be done very rapidly once
the implementation has been done.

This exploration is of great interest, notably from a didactic point of view, in the context of pre-service
teachers education.

e Firstly, it perfectly illustrates the ever-present question of using motion in geometry and reveals
the concept of Hilbert’s congruence when no usual motion is possible.

e The properties of orthogonality are particularly new: Being neither hyperbolic, nor elliptic
geometry, Moulton’s plane partly shares properties between these two geometries. In this way, a
straight line cannot have a perpendicular issued from a given point, but it can have two, issued
from another point, and if it has two, it doesn’t have an infinite number as in the case of elliptic
geometry.

e The same thing holds for angles: the sum of two angles of the same triangle can be greater, or
smaller than two right angles, depending on the case.

e And lastly, the distance is not a metric (in the sense of a metric space), which creates certain
peculiarities (perpendicular bisector, angle bisector).

In this presentation, we will explore different proprieties of Moulton’s plane, guided by what can be
done with these properties:
e In courses on general non-Euclidian geometry.
In mathematical investigations with pre-service teachers.
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EarlyStatistics: an online professional development program for European teachers of statistics

Maria Meletiou-Mavrotheris Efstathios Mavrotheris Efi Paparistodemou
European University Cyprus Open University of Cyprus European University Cyprus
meletiou@cycollege.ac.cy mavrotheris@ouc.ac.cy e.paparistodemou(@ucy.ac.cy

This article provides an overview of EarlyStatistics, a 3-year program funded by the European Union
under the Socrates-Comenius action. EarlyStatistics aims to enhance the teaching and learning of statistics
in European schools by harnessing the power of the Internet to provide European teachers with access to a
wide array of colleagues, discussions, and resources eluding them in their workplace. The project will
offer a high-quality online professional development course in statistics education to elementary and
middle school mathematics teachers around Europe. It will facilitate intercultural collaboration of teachers
using contemporary technological and educational tools and exemplary web-based materials and
resources. Long-term sustainability will be assured through support of multilingual interfaces and online
services for the accumulation of collective knowledge from end-users. An online knowledge base will
offer access to usable and validated pedagogical models, didactic approaches, and innovative instructional
materials, resulting in a complete and flexible teacher professional development program.
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"Eva, pnoév ko arepo: to TPIimTuyo ToU COUTAVTOS TOV aptOpdy 610 Thaiclo Tng TtpoTofddpag
EKTTOIOEVONG



Kovetavtivog Nikohavtovaxng
Howayoywo Tuqua AE., [averiotmquio Avtikng Makedoviag
nikolantonakis@noesis.edu.gr

‘Eva, undév kol amepo amoterel To TpImTLYO0 TOL GVUTOVTOG TV apldudv. O apBuog Eva amoterel TV
TpAdTN VAN TG ToAAamAdTTAC. O apBudc undév kotaokevdodnke mepimov tov 5° audva otnv Ivdia. O
apOpog amepo, opiotke padnuatikd ota €An tov 19% oidvo. To pundév givar povadikd, to Gnelpo
TOALOTIAD.

Ot évvoleg TOV UNdEV KOl TOL OMEIPOV YPNOLLOTOIOVVTIOL GTNV EKTAIOEVOT LE TETOO TPOTO O OTOI0g
VTOONAMVEL OTL Ol YPNOTEG TIG KOUTOVOOUV KOAG Kot gival £TOOL Vo TIG €l0dyovy otV eknaidgvon. H
100G KOAMO TN OTOLYELDOOVS OPLOUNTIKNG TIC TEPIOCOTEPEG POPEC KIVEITUL GE TLMIKEG 00N Yieg Kol LAAAOV
dgv 00N YEL TOVG EKTAUIOEVTIKOVG KOl KATA GUVETELN KOl TOVG LabNTég otnV €mitevén Tov GTOYOL OV £ival
TO VO, KOTOVOOUV GUVEXMG TL oKPIP®G Kavovv. H epdtnomn 1 omoia tifetal 60 Kol TEPIGGOTEPO EMTAKTIKY
TPOG TOVG eKTAdEVTIKOVG NG [lpmtofdduiag oto TAaiclo g d1doTaoNg TG YVMOONS Yo TN YVAOCN Yol
dpdon sivar 1 akdAovdn: Iowa opeikel va ival | apyikr 0ALG KoL 1) GUVEYNG EKTOIOELOT TOV SUCKAA®DY
®OTE va gival aUTEG 0L EVVOLEG KOTOVONTEG E OTOYXO VO TOVG 0ONYNGOLV OTNV MITELEN TOV TOPATAVED
GTOYOV pE OYNUA TNV TOAITICUIKT KOl I0TOPIKT| S1AGTACT O d1dacKaiio TV HadnpatiKmy;

H spappoyn pog oepds mopeppdocov oto mAaiclo tov podnuatog «lotopia tov Mabnuotikov Kot
MaOnpatiky Exnaidevon» oto Mawbaywykd Tunue Anpotikig Exnaidevong tov Iavemotuiov Avtikig
Moaxedoviag mpoondbnoe va devkpvicel TG Svokolieg mov Ompovpyndnkav ot omoieg eiyov g
AmOTEAEGHO O éva va unv Bewpeitar apOpog péypt v mopépPacn tov Simon Stevin. E&etdlovpe v
£vvolg, Tov Undév otig pabnuotikég Tapaddcels towv Bapurioviov, tov Mdyw kot tov Ivéov, uia ietopia
HE TPELG 6TAOUOVE GE TPELG TOTOVS KOl LEAETALE TO TEPACKO OO TNV KeVH BEon otV PNdeVIKN TOcHTNTA.
Hopdrinio, oxeTkd Pe TNV £€vvola TOL OTEIPOV YPNCILOTOOVHIE MG TapAdelyua To yvmoto keipevo «To
Zevodoyeio Amelpo» tov D. Hilbert kot pehetodpe tnv évvola amd 10 Amepo v Suvapel Tov AploToTEN
péypt to dmepo apduog tov G. Cantor.
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H vréppaocn o100KkTIKAOV Eumodinv 611 Ye@ueTpia péocw adlomoinong avarapoctdssov tov TIIE

Eppoavouni Nikorovddxng Yrvpog Pepevrivog Eppoavouni Xovetovridkng
Howayoyuwd Tupa A.E., Yyohkog Zoppoviog Mabnuotikdv Tufuo A.T.WY.X
[avemotqpio AGnvav sferent@otenet.gr [Movemotiuo IMepaidg
enikolou@otenet.gr exoustou@otenet.gr

Onwg €xet deilel 1 épevva, oAAG kot delyvel n kabnuepvr eumelpion oty Ta€n, ol uabntég mapovstilovv
dvokoAieg KaTOVONONG 6TO HAbnua TG YeoUeTpiag. MEPOg anTdV TV SVCKOAM®MY OPEIAETAL GE EUTOIINL
omm¢g avtd opifovton amd Tov Bachelard kot avagépoviar amd tov Brousseau. H katdotaom avth £yl o¢
ATOTEALEGUO TNV XOUNAN at0d06T TV UadnTdV 610 &v AOYm pabnuo. Xe avtd 1o apdpo vrootpilovue
otL péow ¢ aélomoinong duvakav avamoapoctdceny tov TIIE ot dwdikacioc g didackaiiog —
pnéonong o ddokarog uropel va fondnoet Toug pabntég oty vIEpPacn KATOWY EUTOSiMV.
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Algpedviion ToV emd66e®V TOV podTOV ™G I oNuoTIKoV 6Ty ekTéAEST UPLOUNTIKOV TPAEEMV KO 6T
AvoN TPOPANUATOV KATE TNV TPAOTN EQUPROYY] TOV VEOV PIPAOV KOl TOV VEOV TPOYPUUNATOV GTTOVIDOV

INopyog Meprkierd axng
Yyohkog Zoppoviog I1LE.
Awdaxtop ILT.A.E., [Tavemotpiov Kpning

gperikl@edc.uoc.gr

Me v mapovoa gpyacio mapovcstdloviol To AmOTEAEGLOTO EPEVVOC TTOV Ogiyvouy OTL £va GTUOVTIKO
10600t padntev tedewwvovtag v Tpitm (') 14én Tov Anpotikov avtipetonilovy duckoAieg oTnv
ektéleon oaplOunTIKdV TPdEemv Kol ot AV TPOPANUATOV KOTE TNV TPAOTN €QPAPHOYH TOV VEDV
avoALTIKGOV TTpoypappdtov (AEIIE) kout tov véov oyoAkdv eyyxepwiov tov Madnpotikov. Xtnv
€PELVO CUUUETELYOV dVO TUNUATO OMUOCIOV SNUOTIKGV oYoAeimv TG mOANG Tov Hparxieiov Kpntng kot



TO OLVOAIKO Ogiypo ¢ épevvag omotédecav 36 pontéc. Amod to OmMOTEAEGUOTO TNG £PELVOC OV
TPOEKLYOV GTOTIOTIKG OTUOVTIKEG SAPOPEG AVAUESH GTO dVO QUAN G TPOS TOVG UEGOVS OPOVS TV
EMOOCEMY TOVG GTO KPITHPLO UOONUATIK®OV KOVOTHT®V Kot oTo uépn tov. Opoimg, d¢ damotmdnikay
OTATIOTIKA ONUOVTIKEG OPOPEC OVALESH GTOVG UEGOVG OPOLG TMV EMOOCENV TOV UAONTOV TV VO
Tunpdteov. Atd v avélvon kol katnyoplomoinon v AaBdv avd Tuipo Kot emMPUEPOVS doknon M
TPOPANLLO, TPOEKLYAY EVOLUPEPOVTO GUUTEPACUATA KOl £YIVE TPOCSTAOELD VO, EPUNVEVTOVV O1 EMOOGELG
Kol to AGON tov pabntov. Me Bdon ta gupipoata g €peuvag yivovtol TPOTAGELS Yo TNV TLO
OTOTEAEGLLOTIKN O10aoKOAl0 TV MabNUOTIK®Y 6T CLYKEKPLUEVT TAEN.

Znueioon: H Eipnivn Hoamoyavvakn covéreEe ta dedopéva g €pguvag ota omoia Paciletor 1 cvyypoen ™G
TAPoVoaS EPYACIOG KOl TpayHoTomoinoe £€va pépog g enetepyoasioag Tov dedopévav oTo mAaiclo Tng
TPOYUOTOTOINONG TTVYLOKNG EPYACIOG OXETIKNG He GAA0 Bépa. Me tov tpdmo avtd, cuvéPaie onupavIkd o
oLYYPUPN TG
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Apaotnpromyreg faciopéveg oty évvora g Todayoperag TPLadag

Avopéag ITovrog
Mepoapatikd Lyoreio A.IL.O., @scoarovikn,
andremat(@otenet.gr

Zopeova pe to wyvov Avarvtikd Ipdypappo Znovddv yio to 'pvacto, to 16TopIKd GNUEIDUATE TOV
VIAPYOVV GTO, GYOALKA €YXEPIdIa TV Mabnuatikdv £x0uv @¢ oKkomd va divouy KivnTpa Yo epyacieg Kot
SpUCTNPLOTNTEC, TOV APOPOVY TNV EVOTNTA GTNV omoia avapépovtal. Eniong, to Bipiio tov diddokovtog
TOPEYEL KOL AVTO GYETIKEC TANPOPOpieg, 1oTE 0 ddokorog TV Mabnuatikdv va givar oe Béomn va, dmaoel
EMTAEOV TANPOPOPLIKO VAIKO GTOVG HanTég Tov. Ot dpacTnploTNnTEG TOL TUPOVGIALOVUE GTNV EICTYNON
0T EVIACOOVTOL 6TO TAAIGL0 oV TpoTeivel To vEéo Avaivtikd Tlpoypappa Emovdmv. [Ipoteivovpe ko
TEPLYPAPOLLLE TEGTEPLIC OPAGTNPLOTNTES Yo LoONTEG OevTEPOPABLLOC EKTAIOEVLONC TTOV EYOVV MG KEVTPIKO
a&ova v évvola g [Mubaydpelag Tpradag.

H mpdn dpactmpiotra oyetiletor e T0 epOTNUA oV VIAPYOLV ATEPEG «dropopeTikésy TTuBayopeteg
Tp1adeg. O TeAKOC oTOYOC €ival va gumAéEel Tovg padntég oe dadikacieg mov Ba Tovg 0dNyHcoVY v
Bpovv tOmovg mov mapdyovv  Tétoleg TPLAdec. Ot dladikaciec avtéc Tpémel gival 1060 aplOUNTIKE-
aAyePpKég, 660 Kol YEMUETPIKEC.

H de0tepn dpaoctnprotnra oyetiCetar pe Ty enilvon e&lodoewv, OnwgN x> + y* =a-z*, OTOL X, y, Z Kot o
glvar @uoikol apBpoil. H emilvon tétoiwv eélowcemv Poociletal oTOvg TOMOVE KUTOOKELNG TV
[MvBayopeiwv Tp1ad®V, GALL Kol OTIG EVVOIEG TMV TETPOYOVIKOV VTOAOITOV KOl T®V TETPOYDVIKOV
LOPOOV.

H tpitn dpaocmpidmra cvoyetiler v évvola g IuBayopetag tpradag pe v évvola g Hpdvelog
TPLASUG APOUDY Kot EUTAEKEL TPOPAVAOG KOL TNV EVVOL TOV EUPadov.

H tétapm xoi tedevtaio dpaotnplomta apopd to. AplOuntikd teTpdnievpa, NAadn TETPATAELPO OTA
omoia T UK TOV TAELPOV, TOV dayOVimy, oAAd To epfadov Tovg sivat puoikol aptdpoi.

‘Eywve mpoomdBeiln, mote OAeg ol SpacTnPlOTNTEG va divouv pio 16TOPIKY O146TACN GTNY £Vvolo TNg
MvBayopelag tpradog, vo tnv ocvoyetilovv pe GAAeg évvoleg tng OBempntikng AplOumtikig kot g
l'sopetpiog kot mapdAinia va divouv kivtpa kot 10€eg yio yevikevoelg kot véa gpotnpata. Oia ta
TOPATAV® EIVOL OVCLHON YOPAKTNPIOTIKA KAOE dpasTnpldTNTag TOL 0Popd Too MabnuoTikd.
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Developing statistical reasoning in the early grades: a new role of technology

Efi Paparistodemou Maria Meletiou-Mavrotheris
European University Cyprus European University Cyprus
e.paparistodemou@cytanet.com.cy meletiou@cycollege.ac.cy

This paper focuses on the development of young students’ statistical reasoning skills. It presents findings
from a study which examined third grade (8-year-old) students’ interactions with the data-visualization
tool TinkerPlots® (Konold & Miller, 2005), a dynamic software specifically designed to meet the learning
needs of students in the early grades. This study is part of the EarlyStatistics program, which is funded by
the European Union under the Socrates-Comenius action. The data presented in the paper, come from a



scenario where third grade students in an urban elementary school in Cyprus conducted a survey about
health, nutrition and safety habits of students in their school. Children analyzed their collected data using
TinkerPlots® as an investigation tool, and made a presentation of their findings to the whole school. Based
on this case study of a group of 8-year-old students, the following questions regarding young learners’
development of informal notions of inference are explored in the article: (i) How do young learners begin
to reason about data? (ii) How can the affordances provided by a dynamic learning environment be
utilized in the early years of schooling to scaffold and extend students’ statistical reasoning?
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The development of students’ geometrical thinking through linking visual active representations

Stavroula Patsiomitou, Eugenia Koleza
Department of Primary Education, University of loannina, loannina, Greece
spatsiom(@cc.uoi.gr, ekoleza@cc.uoi.gr

The paper draws on a didactic experiment conducted in a secondary school mathematics classroom in
Greece, which aimed to explore the ways in which students develop geometrical reasoning and rigourous
proof through building visual active representations. The students explored cooperatively multiple-page
sketches (half) pre-designed by the researcher in an open problem/activity using the interaction techniques
supported by the Geometer’s Sketchpad dynamic geometry environment, in order to solve and to reason
by rigorous proof. The paper introduces the meanings of Linking Visual Active Representations (LVAR)
and Reflective Visual Reaction (RVR). The researcher (S.P) observed the students’ actions and thinking
processes during the process of investigation and offers a description of these processes. Two distinct
themes emerge from the recording of the results: the relationship between: a) the design/building of the
activities and the RVR by the students and b) LVAR in the activities and the development of geometric
thinking. LVAR, RVR and van Hiele levels are used as descriptors in this analysis.
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From visual to logical argumentation within intentional designed activity

Naomi Prusak Rina Hershkowitz, Nurit Hadas
The Hebrew University of Jerusalem, Israel Weizmann Institute, Rehovot, Israel
Inlrap12@netvision.net.il Rina.hershkovitz@weizmann.ac.il

Nurit.hadas@weizmann.ac.il

The goal of this research is to trace the development of argumentation processes of peers of students

working on an activity in geometry, intentionally designed to afford reasoning and argumentation.

The design of the activity and its implementation, integrates several ideas and intentions:

1) Designing situations in which contradictions between students’ intuitive conjectures and
experimentation's outcomes might occur.

2) Capitalizing on the potential of Dynamic Geometry (DG) software for identifying geometrical
properties through inquiry methods.

3) Encouraging interactions between the students in the dyad and observing differences between the
characteristics of their initial conjectures, their ways of solving the tasks and the ways they argue about
it.

4) Tracing the effects of such interactions on the students’ argumentation processes.

We will show students' transformations from arguments based on visual features and/or on intuition,

through measurements and experimentation in the DG environment, to logical arguments including

abductive and deductive processes.

We conclude that a proper design of an activity in geometry, should use didactic tools like argumentation,

should face contradictions and should use the power of DG software; because they all contribute to a rich

and an active construction of knowledge by students.
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How to “domesticate” logarithms in school? Giving sense to the logarithmic function

Marina Rugelj
St. Stanislav’s Institution, Stula 23, Ljubljana, Slovenia
marina.rugelj@guest.arnes.si

In this article I would like to explain how math teachers can show students where logarithms are
applicable in everyday life and in this way help them to construct a network of multiple interconnected
and related concepts that includes the logarithmic function. Once students gain a sense of the logarithmic
function, they learn and better remember the topic. I present some activating tasks for students. I have
used them in my class after the introduction the logarithmic function as a purely mathematical concept and
it was very successful.
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H ypagn g dwwdkacio exilvong Tpofinpatog kon exineda ayyovg padntov pe tpofinpate oty
TOPAYOYI] TOV YPUTTOV AOYOV

Lodvvng Zravtidoaxkne, EAévn Baoulakn
Howayoyud Tugpa A.E., Havemiotuo Kpng, P€Bouvo
ispantid@edc.uoc.gr, vasilaki@edc.uoc.gr

H ovyypaogn evog keyévov avtipetonifetol and moAlohs EUmElpovg HabnTég - cuyypapeic ®¢ dadikacio
enilvong TpoPApaToc otnv TpoomdBeld Toug vo cuvhEétovy emkotvaviokd keipeva. Ot pabntég avtoi
Aappdvoov vroYN 10 6T0YX0 TOL HEAOVY VO TETOYOVY LEGO, GTO GUYKEKPLUEVO TAOICIO EMIKOVMVING, TO
€100¢ TOL KEWEVOL IOV BEAOVY VO YPAWOLV KL TOVG OVAYVAOGTEG Yo TOVG 0Toiovg Ypdpovy. Ot apydpiot
HaBNTEC — oVYYPAPELS KoL Ol LoBNTEG Le TPOPANUATO GTO YPATTO AOYO AVTIUETOTILOVY T YpOoen MG £val
uéco e&étaong amd to onoio glompdTTovy apvnTIKA cuvatctuata. O TpodTog e To omoio cuvBEtovy Eva
KEILEVO TPOGIOIALEL [UE AVTOV TNG TOPAYMYNG TOV TPOPOPIKOD AOYOL KAVOVTOG ¥PNOT OVOTOTEAEGUATIKAOV
OTPATNYIK®V. ZTOY0G TNG TOPOVCOS €PYOciag €lval vo TOPOVCLAGEL Hio. SWOKTIK TPOTACT) 7OV
avTipeTtomilel T odvleon evog KeeEvov m¢ dtadikacio emtAvong mPoPANLOTOS KOl VO ETIGNUAVEL TIG
EMATOCELG TOV EYEL 08 HOONTEC pe TPOPAUOTO GTNV TOPAYOYT| TOV YPOTTOD AOYOL OGOV aQOpa Ta
HOVTELD GUVOEONG OV YPNGIUOTOLOVV, THV TOLOTNTO TOL YPUTTOD AOYOL Kot To EMIMESN (AIYYOLG GYETUKE
LE TNV TOpAy®OYn YPOrToh Adyov.
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Relations between “saying” and “practice” of mathematics teachers when they teach geometry to
students aged 12-15

Natalia Sgreccia, Marta Massa
Rosario National University, Argentina
sgreccia@fceia.unr.edu.ar

This presentation is inscribed in the frame of the qualitative research “The reflective class in Mathematics
classrooms of the Third Cycle of General Basic Education (EGB3) when geometry contents are treated”.
It is focused on what can be called the “Geometry of the teacher”, a complex truss that joins teacher’s
disciplinary conceptions, as a result of a specific preparation, teacher’s assessment as a teaching content
and teacher’s performance when teaching and propitiating reflective processes on students in order to
construct mental representations for the comprehension of spatial relations.

We discuss a comparative analysis of the data that were obtained from interviews to four Mathematics
teachers whose geometry classes were observed. From this comparison we pretend to establish possible
correspondences between the “saying” (what the teachers declare during the interviews about teaching and
learning geometry contents) and the “practice” (teachers’ behavior and actions during the observed
geometry classes). We detail significant aspects detected on declarative perspectives and teaching



practices. Then, we explicit relations that were detected between both aspects, and especially different
modes of articulation between the teacher’s reflections with actual actions implemented in the classes.
! The Third Cycle of General Basic Education (EGB3) is attended by students aged 12 to 15 in Argentina since 1994.

% The term “Geometry of the teacher” was inspired by the article of Halbwachs, published on Revista de Ensefianza de la Fisica,
(1985) where he places the “Physics of the teacher” between the Physics of the physician and the Physics of the student.
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Stepping and ladder methods in the process of building up an additive triad schema and other
mathematical schemas

Jana Slezikova
Charles University in Prague, Faculty of Education, Prague, Czech Republic
jana.slezakova@pedf.cuni.cz

Our research indicates that numeracy skills can be cultivated by the process of building up an additive
triad as a concept or even as a schema. There is a wide range of semantic models of an additive triad. The
most demanding model of all these is that in which all the numbers in the triad function as operators. And
these are precisely the models, which tend to be the most neglected ones in the traditional teaching of
mathematics, which may in turn have a negative impact on the arithmetic abilities of upper-grade pupils.
One such alternative teaching environment - “Stepping”, which has been experimentally tested and proved
successful, offers a didactically plausible way of eliminating that serious flaw. The “Stepping”
environment is a basis for getting a procedural grasp of positive and later also negative numbers,
numerical axis and other basic arithmetic terms. This helps build up the additive triad schema and further
mathematic schemas, which would relate to equation systems, divisibility, probability or combinatorics.
This is closely followed by the so-called “Ladder” environment, which focuses on the process of
conceptualising the additive triad schema.
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Using video cases to promote good practice in the teaching of mathematics

Nad’a Stehlikova
Charles University in Prague, Faculty of Education, Prague, Czech Republic
nada.stehlikova@pedf.cuni.cz

The article briefly presents mathematics education courses grounded in the analysis of video recordings of
mathematics lessons. Some techniques of such analyses are given. My idea of effective practice in the
teaching of mathematics is presented via seven principles guiding the teacher's action in the classroom.
The on-going research project focused on students' ability to react to their own teaching practice and that
of others is presented. Its methodology is outlined (research questions, data collection) and an example of
the analysis of two pairs' discussions about the video of one mathematics lesson is given. It is shown how
such a reactive discussion can be described and evaluated. Tentative conclusions concerning the inuence
of different types of analyses of videos on the above ability are drawn. Keywords: lesson study, education
of mathematics teachers, effective practice in teaching mathematics, analysis of videos.
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Teaching mathematics through pupils’ projects

Petra Svrckova
Faculty of Education, Charles University in Prague, Czech Republic
psvrckova@seznam.cz



This text describes project work and focuses especially on teaching mathematics at lower grades in the
secondary school. Project work is presented as one of the tools of implementing innovative teaching
approaches currently promoted in the Czech Republic by a new school reform. The first part deals with the
term project and how it is understood by different people. It also underlines main steps that should be
followed when teachers and pupils are preparing and running a particular project. The second part is
practically oriented. It presents one particular interdisciplinary project (the project was focused on the
revision of triangles with 12-year-old pupils), which was organised in a classroom. The process of its
preparation, realisation and evaluation is also presented as well as the pros and cons of project work.
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H ocvopPoin Tov gpmopikov kéopov, oty o1dd0on T podnpatikig rawvsiog oto lodvviva Tnv
nePiodo TG 00mpavIKG Kuprapyiog

Avactacio Tovydvn
Ap. Mabnpoticog
patsoumasg@gmail.com

Xapn oe €8k obwpavikd datdypota katd to 15° at. ta Iodvvive éywvav éva vmoloyicio KEVIpo
gumopiov kot yewpoteyviag ota Bakkdvia ota péca tov 18 at.

O1 'EAMnveg ¢ Aloomopdc oty Tpoomabeld Tovg vo UETAPEPOVY TNV ATUOGOALPO Ol0VOTONG TOV
emkpoTovoe ot Avon, dpvoav opiopévo onupavtikd oyoieio (Iovupo, Emedveiog, Mapovtcaia,
Koamiavia) ko édwcav v gukaipio. 6Tovg HoONTEG TOVG VO LETAGYOVY MG «OTROpNS» HoBNUATIKNAG
modeiaG.

Ta ovouato tov BdAavov Boooilomoviov kot tov MeBodiov AvOpaxitn Sakpidnkay g
AVTITPOCMTELTIKA TOV EAANVIKOL Al0Q®OTIGHOD, OTOTEA®VTOG £VOV OVLCLUOTIKO TAPAYOVIO OTNnV
avamTuén g LaBNUATIKNG EKTaidgvong.
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Effets d’un changement de programme sur la prise en compte de nouveaux objets dans
I’enseignement des fonctions

Ilyas Yavuz
Université de Marmara, Science de 1’Education, Istanbul, Turquie
ilyavuz@hotmail.com

Depuis le début de la contre-réforme des mathématiques modernes, 1’enseignement de la notion de
fonction au début du lycée en France a subi de profondes mutations. Une des tendances les plus
importantes concerne le renforcement progressif de 1’utilisation des divers modes de représentation des
fonctions. Ainsi parallélement a une diminution de la suprématie du registre algébrique, le registre
graphique a acquis de nouveaux droits et il y a également une injonction forte a utiliser dans des
conditions nouvelles les objets tableaux de valeurs et de variations. Dans cet article, nous tentons de
caractériser comment sont pris en compte, par les différents acteurs de I’institution, ces récentes
modifications, en particulier concernant 1’usage qui est fait des courbes, des tableaux de valeurs et des
tableaux de variations dans le chapitre des généralités sur les fonctions en classe de seconde.
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O Kvraprooog Xté@avog kor to [Ipoypappa tov Erlangen
Ta ta 80 ypovia tov kaOnynty k. Hans Wussing
Xpotiva I1. @ikn

EBvikd MetodPeto Tloivteyveio
xfili@math.ntua.gr



v mopeia mpog tov 20° ot o Kvmdpiosog Ztépavog (1857-1917), podntig tov Hermite ftav évag
donpog pobnuoatikdc oty Evpomn. To Ovopd Tov epeoavicTnke TNV ETIGTNUOVIKY ETITPOTT] TOAADY
EMOTNUOVIKOV TEPLOJIKDY, &v®d Mtav 0 ‘EAANvVOG oavimmpdo®nog o€ dVO GNUOVTIKEG ETITPOTES:
«Biphoypapikdc Katdhoyoc Mabnuatikeov Emomudv»y (ue mpdedpo tov H. Poincaré) kar «Atebvig
Emutportn Mabnuortiknig Exmaidevong (ue mpoedpo tov F. Klein). Q¢ ypoupatéag tng [aAiiknig
MaOnpatiking Etoipiog kot péocm g €pevvag tov (otnv Bempio avorloimTtov Kol 6Ty yeoUeTpio) giye
v evkapia vo kepdicel maykdopo ektipnon. v mopovoo gpyacio o culntioovue mave oTNV
OTOTELPO, TOL XTEQAVOL VO ONUOCIEVCEL OTO YOAMKA TN UETAQPOOCT TOL TAVEO OTO TPOYPOLLLY TOL
Erlanger, mpdyuo. to omoio duatuymg dev Tpaypatonombnke Toté, mopd v vrootpin tov Poincaré.
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XapaxtnproTikd Tov padntov e XT Taéng o6& oyfon pe 1o KPITpra EKTipN oG Kot EAEYYOV TOV
REYEO0VS TOV UTOTEAEGUATOV TOV TPaEe®V

I'eopyio Xoiemwakn
Mowayoywd Tugua A.E IMoverompiov Kpnng, P€Bvuvo
gchalepaki@hotmail.com

[TapdAo mov M mopaymY Kol ¥PHon TV Kprtnpiov ektipunong kot eA&yyov eivor pio moAd oNUaVTIK
dwdkacio ot pabnuoTik ekmaidevor, VIAPYEL EAAEWYT OIOOKTIKAG OPYAVMONG GE 0,TL apopd
daokaAio Tov cvykekpyévov Bépatoc. Me Bdom avtég Tig SIMIGTMGELS: 0) CXEOLACOUE KoL YOPTYNOOLE
EPOTNUATOAIYI0 0e pabNnTég T TaENG Anuotikod Xyoleiov kot B) oYEOIAGAUE KoL TPAYLOTOTOU|GUUE
dwakTikn mopéuPacn o€ Tunpo padntov Zt° tééng (repopatikny opudda) e GKOTO Vo, S1EPEVVIICOVLE TIG
SuVaATOTNTEG KOl TI GUUTEPLPOPE TOVG GE GYECT E TO KPLTNPLOL EKTIUNONG Kol EAEYYOV TOL peyEBoug TV
OTOTEAEGLATAOV TOV TPAEEMV. XTN GUYKEKPUULEVT] EPYOCIN TPOSTUOOVLE VO GKLOYPOPT)COVUE TO TPOPIA
TOV uadnTOV NG TEPAUATIKNAG OUAdAG LETH TNV OAOKANP®OT TNG SIOUKTIKNG TopEUPacng 0Gov apopd
OTO KPUTNPLOL EKTIUNONG Kot EAEYYOVL TOV peyEBong TV amoTeEAESUATOV TOV TPA&EwVY, AduBdvovTag LITOY
KOl TV €MIO00T TOVG 0 AALEC LOBNUOTIKEC TEPLOYES.
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Instructional design and research design principles in probability
Nurit Hadas, Rina Hershkowitz Gila Ron
Weizmann Institute, Rehovot, Israel Tel-Aviv University, Israel
Nurit.hadas@weizmann.ac.il, Gilaron@bezeqint.net

Rina.hershkovitz@weizmann.ac.il

We created a basic probability unit based on design principles such as opportunities for hypothesizing,
facing conflicts, arguing, and experiencing inverse questions. Above all, the unit has a hierarchical
structure which enables: a process of constructing knowledge, research observation of this process and
opportunities for students to cooperate, in spite of their different levels of knowledge and their different
abilities.

In this paper, we will describe the "design principles" and demonstrate them by means of relevant problem
situations from the probability unit. We will show how the principles serve both, instruction as well as
research, by exhibiting 8-grade students’ responses in the research to the above problem situations, thus
demonstrating whether and how their learning was influenced by the principles.
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Scheme and its generic models
Milan Hejny
Charles University in Prague, Faculty of Education, Prague
milan.hejny@pedf.cuni.cz

Schema is understood as the memory structure that incorporates clusters of information relevant to



comprehension. It gets embedded in a person’s mind by repeated “stay” in a certain kind of environment
(one’s house, school, shopping centre). Scheme—oriented mathematics education is described and
illustrated by means of adding and subtracting. This paper surveys the experience with the implementation
of this teaching method in teacher-training facilities.



